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Abstract

We present A*, a heuristic search algorithm for counting op-
timal and cost-bounded plans in classical planning. We prove
that A* terminates and correctly counts optimal plans, and de-
scribe how it extends to the cost-bounded case. A* compactly
represents multiple action sequences reaching the same state
using counters while exploiting heuristic estimates. An ab-
lation study evaluates the impact of the modifications to A*
used to obtain A*. Our experiments show that A* outperforms
existing approaches, solving significantly more tasks overall
and scaling to substantially higher plan counts (up to 10°%).

Introduction

After decades of progress in finding single plans, researchers
have only recently intensified efforts to reason about multi-
ple plans for given planning tasks. Such reasoning involves
generating alternative plans (e.g., Boddy et al. 2005; Nguyen
et al. 2012; Sohrabi et al. 2016; Katz et al. 2018; Speck,
Mattmiiller, and Nebel 2020) or explaining an agent’s behav-
ior by answering questions about its plans (e.g., Krarup et al.
2019; Eifler et al. 2020). However, existing solutions to these
problems are often specific to a particular domain, which
limits their broader utility, or they are based on naively enu-
merating solutions, which generally does not scale. An ex-
ception is recent work that reasons about plans by compiling
planning tasks into SAT or ASP and representing the solu-
tion space using knowledge representation tools (Speck et al.
2025; Gnad et al. 2025). An important problem falling un-
der the umbrella of reasoning over the plan space is count-
ing the number of (optimal or cost-bounded) plans. This can
help answer quantitative questions for important applica-
tions, such as measuring the robustness of network systems
by determining the number of distinct exploit sequences
(Boddy et al. 2005; Shaw and Meel 2024) (e.g., Fig. 1).

We introduce a heuristic search algorithm called A¥,
which uses the idea of dynamic programming (DP) to count
the number of plans. It builds on the well-known approach of
counting paths in a graph using Dijkstra’s algorithm with DP
and generalizes it by leveraging heuristic estimates. Further-
more, unlike SAT-based approaches for counting plans (e.g.,
Speck et al. 2025), it does not rely on a fixed cost bound
(Kautz and Selman 1996; Rintanen 2012). And unlike top-k
planners (e.g., Katz et al. 2018), it avoids explicit plan enu-
meration, scaling to higher plan counts.
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Figure 1: Transition system induced by the example cyber-
security task Ilgy,. Transitions are labeled with the action
and its cost. Goal states are marked with double circles.

Preliminaries

We consider classical planning tasks 11 = (V, A, Z,G) in
the form of SAS™ (Biickstrém and Nebel 1995).V is a finite
set of variables v € V, each associated with a finite do-
main dom(v). An atom (v, d) is a variable—value pair where
v € Vand d € dom(v). A consistent set of atoms s is
called a partial state. If s contains an atom for each vari-
able in V, then s is called a state. We denote by S the set
of all states. A is a finite set of actions, where each action
a = (pre(a), eff(a), cost(a)) € A consists of partial states
pre(a) and eff(a), representing the precondition and effect
of a, and a positive cost cost(a) € N*t. T is the initial state.
G is the partial state representing the goal. The set of goal
states is defined as S* = {s € S| G C s}.

An action a € Ais applicable in a state s € S if pre(a) C
s. The result of applying action a to state s is the successor
state s' = s[a], where for each variable v € V: s'(v) = d if
(v,d) € eff(a), and s’ (v) = s(v) otherwise. For A C A, we
define successors(s, A) = {(s[a],a) | a € A, pre(a) C s}
as the set of successor-action pairs.

A plan 7 = {aq,...,a,) for planning task II is a se-
quence of applicable actions that induces a sequence of
states sg,...,Sp, where s = Z, G C s,, and s; =
si—1]a;] for all ¢ = 1,...,n. The cost of a plan 7 =
(a1, ...,an) is defined as the sum of the costs of its actions,
ie., DI, cost(a;). With P, we refer to the (possibly infi-
nite) set of all plans for a planning task II. A plan 7 € P is
optimal if cost(m) < cost(n’) for all 7/ € P. We refer to
the set of optimal plans as P* C P, and we denote a cost-



bounded set of plans as P<. = {m € P | cost(mw) < c}.

We are interested in counting the number of optimal or
cost-bounded plans for a given planning task. More pre-
cisely, given a planning task II, we seek to determine |P*|
or [P.| for a cost bound ¢ € N*. Since we consider strictly
positive action costs, both P* and P are finite.

Example 1. Fig. 1 depicts the transition system for a plan-
ning task IIgyp, which models network system vulnera-
bilities within a cybersecurity application. There are two
optimal plans with cost 3: m = (exploit-A, escalate-A,
steal-data) and o = (exploit-B, escalate-B, steal-data).
Thus, the optimal plan count is [P*| = 2. For the cost-
bounded problem, |P.| = 0 for ¢ < 4, while |P.y| = 2. If
¢ > 5, the count increases to [P<.| = 4 due to two subopti-
mal plans with cost 5.

A heuristic (function) h : S — N U {oo} estimates the
cost of reaching a goal state from a given state s € S (Pearl
1984). A heuristic h is consistent if it is goal-aware, i.e.,
h(s) = Oforall s € S*, and satisfies h(s) < h(s")+ cost(a)
forall (s', a) € successors(s, A). Every consistent heuristic
is admissible, meaning it never overestimates the cost of a
cheapest action sequence from a state to any goal state.

It is well-known that A* search (Hart, Nilsson, and
Raphael 1968) with a consistent heuristic finds optimal so-
lutions without the need for reopening (i.e., expanding the
same state more than once). To store information about
states, A* uses nodes. A node n consists of a state s, an ac-
tion a, the g-value (the cost of the action sequence leading to
the node), and a parent node from which it was created via a.
A* maintains an open and a closed list to track which states
are promising for expansion and which have already been
expanded. The algorithm iteratively selects from the open
list a node n with state s that is not in the closed list, such
that n has the minimal f-value in open, which is the sum of
the g-value and the h-value, defined as f(n) = g(n) + h(s).
We sometimes write g(s) and f(s) instead of g(n) and f(n)
when the node is clear from the context.

Counting Plans with A*

We present A* (Alg. 1), a novel heuristic search algorithm
for counting optimal plans using a consistent heuristic. A*
is a modification of A* (without reopening) with three key
differences: 1. We order the open list by f-values and re-
quire tie-breaking in favor of smaller g-values, as opposed
to the more common strategy of favoring smaller h-values.
2. We do not terminate upon expanding the first goal state,
but instead continue until all goal states with the optimal
cost have been expanded. 3. We track the number of action
sequences to each state at its best-known cost, accumulating
these counts when a sequence of equal cost is discovered or
resetting them if a cheaper sequence is found.

Alg. 1 begins by initializing necessary data structures
(lines 1-6): the cost bound bound, the plan counter nplans,
the open and closed lists, and two maps, best-g and nreach.
These maps store, for each encountered state, the best known
cost (g-value) and the number of action sequences leading to
that state with the best known cost. Then (lines 7-9), we set
the reachability count and cost for the initial state Z to 1 and

Algorithm 1: A*: Counting optimal solutions

Input : Planning task IT = (V, A, Z, G)
Consistent heuristic i

Output: Number of optimal plans
bound < oo
nplans < 0

closed < HashSet

open <+ MinHeap ordered by (f, g)
nreach < HashMap : S — N (default 0)
best-g < HashMap : S — N U {oco} (default co)
nreach[Z] + 1

best-g|Z] < 0
open.insert(make-node(Z, 0, 0, 0))
while open.min-f() < bound do
n < open.pop-min()
S < n.state
if s € closed then

| continue
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15 | closed.insert(s)
16 | if s € S* then

17 nplans < nplans + nreach|s]

18 bound < n.g + 1

19 | foreach (succ, a) € successors(s, A) do

20 succ-cost < n.g + cost(a)

21 if succ-cost < best-g[succ| then

2 best-g[succ] < succ-cost

23 nreach[succ] < nreach[s]

24 open.insert(make-node(succ, succ-cost, n, a))
25 else if succ-cost = best-g[succ] then

26 | nreach[succ] < nreach[succ] + nreach|s]

27 return nplans

28 function make-node(s, g, p, a)
29 Lreturn Node(state=s, g=g, parent=p, action=a,)

0, respectively, and add a search node for Z to the open list
using the make-node function (line 28).!

Asin A*, each while loop iteration (line 10) considers the
most promising state. However, in A¥ we break ties between
states with the same f-value in favor of those with smaller
g-values (line 4) and terminate only when the f-value ex-
ceeds the cost bound. We then check if the state has already
been expanded (lines 11-15). If so, we skip it; otherwise,
we add it to the closed list. This is followed by a goal check
(lines 16—18). If a goal state is expanded, we add the number
of ways it can be reached to the plan count and set the cost
bound accordingly to prune more expensive states.

In lines 19-26, the current state s is expanded, and its suc-
cessors are generated. Importantly, when a cheaper action
sequence to a successor succ is found, we reset its reach-

!Storing the parent and the action leading to a state is not strictly
necessary for counting plans. However, we view A* as a general-
ization of A*, and their inclusion allows to not only return the plan
count but also to reconstruct a plan for each expanded goal state.



ability count and set nreach[succ] to the number of ways
succ can be reached via s (lines 21-24). Otherwise, if succ
is reached via s at the same best cost previously known, we
add the new reachability count to nreach[succ| (lines 25—
26). The case where succ is reached with a higher cost is
irrelevant, as we only seek optimal plans, i.e., suboptimal
action sequences can be safely ignored.

Finally, once all reachable states with f-values less than
or equal to the optimal plan cost are expanded, we have ac-
cumulated all action sequences to reach any goal state opti-
mally and return the total number of optimal plans (line 27).

We now present an example, followed by a proof that A*
terminates and correctly counts the optimal plans.

Example 2. Consider A applied to the task Ilgy, (Fig. 1).
Expanding Z (nreach = 1) generates states si, So (¢ = 1)
and s3 (g = 4), all with nreach = 1 (lines 19-24). The con-
sistent heuristic and the tie-breaking ensures A* prioritizes
the states s; and s5. Expanding s; updates s3 to a lower cost
of 2 and sets nreach[ss] = 1 (lines 21-24). When s5 is sub-
sequently expanded, s3 is reached again at the same optimal
cost (2), incrementing nreach[ss] to 2 (lines 25-26). Addi-
tionally, s4 and s5 are added to the open list with costs 5 and
2. Since sj is a dead-end, a strong heuristic avoids ever ex-
panding it. Note that even if an expensive path to a goal ex-
isted from s5, A* would still prune it if its f-value exceeded
the optimal cost. Next, expanding s3 generates the goal state
s¢ with cost 3 and nreach[sg] = 2. When expanding sg, A*
updates the optimal plan count to 2, sets the cost bound to 4
(lines 16-17), and terminates because the open list contains
no further nodes under the cost bound (line 10). Importantly,
A* has effectively pruned suboptimal action sequences (e.g.,
those involving the high-cost action “attack-firewall”).

Theorem 1. A* (Alg. 1) with a consistent heuristic termi-
nates and returns the number of optimal plans for a planning
task with action costs in N,

Proof. Termination is guaranteed because the state space is
finite, and each state is expanded at most once.

A¥ is a variant of A*. With a consistent heuristic, A* ex-
pands nodes in non-decreasing order of their f-value. More-
over, when a state s is expanded, the corresponding node has
optimal cost g(n) = g*(s). In A*, we thus expand all goal
states that are reachable with optimal cost, since the entire
last f-layer is expanded (lines 10 & 18) and h(s) = 0 for
goal states. A* returns the sum of nreach[s| over all such
goal states with optimal cost. Thus, it suffices to show that
nreach[s] correctly counts the number of optimal action se-
quences reaching s when s is expanded. We prove this by in-
duction over g*(s) of a state s. Base case (¢*(s) = 0): This
holds only for the initial state, which can be reached by ex-
actly one action sequence (line 7). Inductive step: Consider a
state s with g*(s) > 0. Every optimal action sequence reach-
ing s ends in a transition from a state ¢ to s with g*(t) <
g*(s). By the hypothesis, when ¢ is expanded, nreach|t] cor-
rectly counts all optimal action sequences reaching . We
show that all such predecessors ¢ are expanded before s. By
consistency, f(t) = g*(t) + h(t) < g*(s) + h(s) = f(s).
If f(t) < f(s), then t is expanded before s. Otherwise
f(t) = f(s), and since action costs are strictly positive,
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Figure 2: Coverage over time for counting optimal plans.

g*(t) < g*(s). With tie-breaking in favor of smaller g-
values, ¢ is again expanded before s. Consequently, all opti-
mal contributions to nreach[s] are accumulated before s is
expanded (lines 21-26), and thus nreach[s| equals the total
number of optimal action sequences reaching s.

Cost-Bounded Plans

A* can be modified to count not only optimal plans but all
cost-bounded plans below a given bound. For this, we re-
move the initialization and update of the dynamic cost bound
(lines 1 & 18) and augment the state representation with its
g-value. This turns the search graph into a directed acyclic
graph, and the same original state is considered different if
it is reachable with different costs. Thus, the if-case of lines
21-24 will never trigger a reset of the reachability count,
since the same original state with different g-values is con-
sidered distinct. Note that this can result in expanding the
same state multiple times with different g-values. We refer
to this version for counting cost-bounded plans as Af:".

Experiments

We implemented A* (and Af}) in SymK (Speck, GeiBer,
and Mattmiiller 2020), which is based on Fast Downward
(Helmert 2006), and use the GMP library (Granlund 2023)
for representing plan counts as arbitrary-precision integers.
For A*, we considered three consistent heuristics: the con-
stant zero heuristic h°,2 the delete-relaxation heuristic A™a*
(Bonet and Geffner 1999), and the CEGAR heuristic h&¥"
(Seipp and Helmert 2018). We evaluated on 1467 instances
from 50 STRIPS domains with positive action costs (IPCs
1998-2023), using a 30 min time limit and a 6 GiB memory
limit. Code and data are available online (Speck 2026).

Counting Optimal Plans

We compare A* against two state-of-the-art top-k planners
capable of counting plans by enumeration: K* (Aljazzar and
Leue 2011; Katz et al. 2018) using h®'", h8 and its de-
fault (inconsistent) heuristic 2™ (Helmert and Domshlak
2009); SymK with symbolic bidirectional search (Torralba
et al. 2017; Speck, Seipp, and Torralba 2025).

2A* with h° mimics Dijkstra’s algorithm (1959) extended with
dynamic programming for path/plan counting.



Coverage per Bound Log;o(#Plans) at 1.5x

Config. 1.0x 1.25%x 1.5><‘ Median Max

SymK 291 142 88 3.0 7
K*+h? 298 184 110 4.0 7
K*+heegar 302 186 112 4.0 7
K*+hmeut 359 200 113 4 7
Planalyst 344 234 175 7 19
Af +h0 369 323 297 10 55
Af +hmax 389 343 309 10 92
A +heer 495 372 317 10 55

Table 1: Solved tasks for cost-bounded plan counting where
the bound is a multiplicative factor of known upper bounds
(Left). Median and maximum plan counts at factor 1.5,
shown as powers of ten (Right).

Fig. 2 shows the number of solved tasks over time for
counting optimal plans. Among the solved tasks, 94% have
more than one optimal plan, with up to 107! distinct opti-
mal plans. All A* configurations solve more tasks than any
other approach from start to end. A* with a strong heuris-
tic like A% solves 133 more tasks than a Dijkstra search
for plan counting (h%). Furthermore, it solves 154 more in-
stances than the strongest non-A# approach. This shows that
heuristic search for counting scales significantly better than
blind search or enumeration-based methods.

A* with he¥ solves more tasks than K* with h°°€¥ in 33
domains, whereas K* is not superior in any. This gap nar-
rows when comparing A* with h°8%" against K* with hmeut:
A* is superior in 28 and K* in 11 domains. Thus, lifting the
consistency requirement of A* is a promising avenue for fu-
ture work that may widen the performance gap even further.

Counting Cost-Bounded Plans

We compare A% for counting cost-bounded plans with pre-
vious approaches, including Planalyst (Speck et al. 2025).
Since Planalyst requires a predefined cost bound, it was only
included in this experiment. The approach transforms the
plan space into a SAT formula (Rintanen 2012) and repre-
sents it as a d-DNNF (Darwiche and Marquis 2002). As PI-
analyst only supports unit costs, we restrict the benchmarks
to 1152 instances across 37 domains with unit costs.

Tab. 1 shows the coverage numbers and statistics for all
approaches counting plans within a multiplicative factor
¢ € {1.0,1.25,1.5} of known upper cost bounds (Muise
2016; Speck et al. 2025) for each instance. A¥; achieves
the highest coverage across the different bounds. In particu-
lar, A%, scales significantly better to larger cost bounds than
the top-k approaches K* and SymK, as it does not require
the explicit enumeration of plans. It also outperforms Plan-
alyst in this regard. This superior scalability is evidenced
by the median and maximum number of plans counted: A%,
can count up to 10°? plans, a task that is entirely hopeless
for enumeration-based methods. Interestingly, A%, using the
h™* heuristic achieved the highest plan counts. Its fast com-
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Figure 3: Node expansions of A* using h°#* compared to
A* (open list tie-breaking by smaller h or g values) and A¥,.

putation appears to pay off over the more informative hs
heuristic in vast state and plan spaces.

Ablation Study

A question that arises is how the changes to A* to derive
A" or A¥| impact performance. Fig. 3 shows the node ex-
pansions of A% ,, A} . and A¥, in comparison to A* using
heestr. By A} j,, we refer to tie-breaking by smaller h among
nodes with equal f-values, and by A% ; to tie-breaking by

smaller g (as done in A*). The change in tie-breaking has a
greater effect, which is in line with the common approach of
preferring A% , over A}/ as it is more aggressive towards

the goal. By construction, the expansions of A* and A g are
identical prior to the last f-layer. The difference results only
from the need of A* to expand all optimal goal nodes. Fi-
nally, in A¥, for cost-bounded plan counting, the same state
may be expanded multiple times with different costs. We can
see that this again has a higher impact on performance.

Conclusions and Future Work

We introduced A*, a heuristic search algorithm for count-
ing optimal and cost-bounded plans. The key idea of A*
is to collapse multiple action sequences to the same state
by aggregating them into a counter while exploiting heuris-
tic estimates. Empirically, A* shows superior performance
and scalability for plan counting compared to existing ap-
proaches based on plan enumeration (Katz et al. 2018;
Speck, Mattmiiller, and Nebel 2020) or compilations to SAT
(Palacios et al. 2005; Speck et al. 2025).

A limitation of A* is the reliance on consistent heuristics.
Lifting this requirement may further improve performance.
Furthermore, most approaches to counting and enumerating
plans treat all actions as equally important. This may affect
practical applications when modeling complex structures us-
ing auxiliary actions. Thus, we plan to investigate options
for ignoring (i.e., projecting away) actions for plan count-
ing, similar to projected model counting (e.g., Chakraborty,
Meel, and Vardi 2013; Fichte, Hecher, and Hamiti 2021).
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