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Abstract

Domain-independent Dynamic Programming (DIDP) re-
cently emerged as a model-and-solve framework. Its perfor-
mance heavily depends on a user-specified dual bound func-
tion. We introduce a way to automatically derive such bounds
generalizing operator-counting heuristics from classical plan-
ning. The method approximates by how much an operator can
change the value of a feature, which we compute using SAT
modulo theories (SMT). We tighten the operator-counting LP
using invariants derived by Abstract Interpretation. The dual
bounds derived this way match well-known domain-specific
dual bounds in TSP and Bin Packing. We evaluate our new
dual bounds empirically in an established set of benchmarks.

Introduction
Domain-independent dynamic programming (DIDP)
(Kuroiwa 2024) is a framework to model and solve combi-
natorial optimization problems. DIDP solvers internally use
heuristic search methods like cost-algebraic A∗ (Edelkamp,
Jabbar, and Lluch Lafuente 2005) or complete anytime
beam search (Zhang 1998), whose performance critically
depends on high-quality admissible heuristics. In DIDP,
such heuristics are specified as a dual bound in the model.
To obtain high-quality bounds, a domain expert needs to
come up with a good idea and prove its admissibility. We
propose a method to automatically derive high-quality
admissible heuristics in a domain-independent way.

Our heuristics reason about changes in numeric state fea-
tures and the number of operator applications required to
induce a certain change. This idea is not new, early work
in classical and numeric planning already considered pro-
ducers and consumers of numerical resources or individ-
ual atoms (Kautz and Walser 1999; van den Briel, Vossen,
and Kambhampati 2005; Coles et al. 2008; Piacentini et al.
2018a). The reasoning there was restricted to the change be-
tween two time steps of a Graphplan encoding. This was
later generalized to reasoning about changes from the cur-
rent state to a goal state, ignoring the order of operators and
only considering the number of times they should be used.
Net-change constraints (van den Briel et al. 2007; Bonet
2013; Pommerening et al. 2015) in the operator-counting
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framework categorize operators into producers and con-
sumers and balance their number to match the total change.

Recent work adapts operator-counting and net-change
constraints from classical to numeric planning (Piacentini
et al. 2018b; Kuoriwa et al. 2021) to also track changes in
numeric variables. They assume a fragment of simple nu-
meric planning where numeric effects are limited to increase
variables by a constant (v+= k), which again yields a rigid
categorization into producers and consumers.

We generalize this concept to cover not only the numeric
but also the set variables of DIDP models. Instead of seeing
an operator as a producer or consumer of a feature, we com-
pute an interval bounding the possible changes this operator
can induce. The interval is derived from an encoding using
Satisfiability Modulo Theories (SMT, Barrett et al. 2021)
and strengthened using an abstract interpretation (Cousot
and Cousot 1977) of the DIDP model.

We first introduce the background for DIDP, operator-
counting, SMT, and abstract interpretations. We then derive
a generalized version of net-change constraints for labeled
state spaces and apply them to DIDP. Studying two con-
crete problems shows that the derived heuristics match or
dominate well-known hand-crafted bounds. We confirm this
with an empirical evaluation and see the dominating heuris-
tic translate to a higher coverage for a TSP model.

Background
We start with introducing the notation and mathematical
background for the techniques used in this paper.

Domain-Independent Dynamic Programming
DIDP is a general framework to represent and solve dy-
namic programming problems. At the core of this frame-
work is the Dynamic Programming Description Language
(DyPDL, Kuroiwa and Beck 2023a), offering a standard-
ized way to model DP problems. A DyPDL model is a tuple
⟨V, S0,K,O, B, C, h⟩ with the following components.1

Each variable v ∈ V is associated with a domain dom(v)
and can be either a numeric variable (with dom(v) = N or
dom(v) = R), an element variable for a type τ(v) (with

1We ignore forced transitions, resource variables, and loga-
rithms, and assume the cost algebra to be commutative. We also
simplify some notation for space and consistency reasons.



dom(v) = Eτ(v) = {0, . . . , nτ(v)−1}), or a set variable for
a type τ(v) (with dom(v) = 2Eτ(v) ). A variable assignment
of all variables to values in their domains is called a state.

The target state S0 is the state for which the value V (S0)
should be computed.

The set of constants K contains numeric, element, set,
and boolean constants which can be used in expressions.
Expressions e are also grouped by type (numeric, element,
set, boolean) and can be evaluated in a state S to a value
in their domain S(e) ∈ dom(e). Constants may be multi-
dimensional tables that can be indexed with element ex-
pressions. Numeric and element expressions support the
typical mathematical operations {+,−, ∗, /,%,min,max},
numeric expressions also support {−(unary), |·|,

√
·, exp}

and different casting operators to convert between in-
tegers and reals. Set expressions support set operations
{∩,∪, \, ·̄}. Finally, boolean expressions can be built us-
ing comparators {=, ̸=, <,≤,≥, >,⊆,∈} and boolean con-
nectives {∧,∨,¬}. We say a boolean expression b is sat-
isfied in a state S (written as S |= b) if S(b) = ⊤.
If-then-else expressions ITE(b, x1, x2) evaluate to S(x1)
if S |= b and to S(x2) otherwise. Reduce expressions
reduce(T, ◦, s1, . . . , sk) evaluate to

◦
x1∈S(s1),...,xk∈S(sk)

T [x1] · · · [xk].

for operators ◦ ∈ {+, ∗,max,min,∪,∩}. For a full list, see
the supplementary material (Singh et al. 2025).

An operator o ∈ O is a tuple ⟨pre(o), eff(o), cost(o)⟩
where pre(o) is a boolean expression, eff(o) is a total func-
tion mapping variables to expressions of matching type, and
cost(o) is a numeric expression. We also treat eff(o) as a set
of tuples ⟨v, ev⟩. The applicable operators in a state S are
those with satisfied preconditions O(S) = {o ∈ O | S |=
pre(o)}. Applying an operator o in a state S results in the
successor state SJoK = {v 7→ S(ev) | ⟨v, ev⟩ ∈ eff(o)}.

The base case B is a boolean expression. In the literature,
DyPDL models can have multiple base cases that each have
an associated cost expression. Those can be compiled into
operators that achieve a new single base case.

The state constraint C is a boolean expression that must
be satisfied by all visited states.

The costs in DIDP are determined by a cost algebra
(Edelkamp, Jabbar, and Lluch Lafuente 2005), where
• ⟨A,×,1⟩ is a monoid (× is associative, 1 is neutral).
• ⪯ is a total order on A with least operation ⊔.
•
⊔
A = 1 and

d
A = 0 (1/0 are least/greatest elements).

• A is isotone (a ⪯ b implies both a × c ⪯ b × c and
c× a ⪯ c× b for all a, b, c ∈ A).

The value of a state S then is 0 if S ̸|= C, 1 if S |= C ∧ B,
and

⊔
o∈O(S) S(cost(o))× V (SJoK) otherwise.

The dual bound h is a lower bound to the value of each
state (h(S) ⪯ V (S) for all states S). In the literature, h
is a numeric expression, however we define it as a general
function h : S → A here to accommodate lower bounds
that cannot easily be expressed as DIDP expressions.

A DyPDL model Π = ⟨V, S0,K,O, B,C, h⟩ induces a
labeled transition system TΠ = ⟨S, L, T, I,G, cost⟩ with

states S consisting of all states of Π, labels L = O, tran-
sitions T = {S o−→ S′ | o ∈ O(S), S′ = SJoK, S′ |= C},
initial state I = S0, goal states G = {S ∈ S | S |= C ∧B}
and cost cost(S o−→ S′) = S(cost(o)). A solution is a se-
quence π = ⟨t1, . . . , tn⟩ from I to a state in G. Its cost is
×i cost(ti), and V (S0) is the cost of a ⪯-minimal solution.

Operator-Counting
Operator-counting heuristics (Pommerening et al. 2015)
were originally developed for classical planning. The core
idea is to minimize the total cost of used operators sub-
ject to constraints that describe necessary properties of so-
lutions in terms of how often each operator is used. They
use one operator-counting variable xℓ for each label ℓ of
a transition system T . A linear constraint over such vari-
ables is an operator-counting constraint for T if it is satis-
fied by xℓ = occur(ℓ, π) for every solution π of T where
occur(ℓ, π) counts the number of times ℓ occurs in π. Many
operator-counting constraints have been proposed, but for us
the net-change constraints (Bonet 2013; Pommerening et al.
2015) are relevant. They trace how often an atom a = ⟨v, d⟩
is produced (made true) and consumed (made false):

L ≤
∑

ℓ always
produces a

xℓ +
∑

ℓ sometimes
produces a

xℓ −
∑

ℓ always
consumes a

xℓ (1)

∑
ℓ always

produces a

xℓ −
∑

ℓ always
consumes a

xℓ −
∑

ℓ sometimes
consumes a

xℓ ≤ U (2)

where L and U bound the net change of a, i.e., the change
between the initial state and a goal state.

Satisfiability Modulo Theories
Satisfiability Modulo Theories (SMT) denotes the problem
of deciding whether a first-order logic formula is satisfi-
able with respect to given background theories (Barrett et al.
2021). Theories restrict the interpretation of some symbols,
enabling reasoning about objects such as integers or sets.

A quantifier-free SMT formula is a formula in many-
sorted first-order logic with equality. It is built from vari-
ables, constant, function and predicate symbols, that are ei-
ther restricted by the theory or uninterpreted, the usual log-
ical connectives (¬,∧,∨), and the equality symbol =. Each
term has an associated sort (e.g., Int). The formula can
contain ternary ITE functions with the same meaning as in
DIDP. A model of an SMT formula is an interpretation that
satisfies the formula and is consistent with the theories.

In this work, we use the theory of nonlinear integer and
real arithmetic and the theory of finite sets with cardinal-
ity. The former defines the sorts Int and Real, operators
− (unary), +,−, ∗, /, %, |·| for integer operands,− (unary),
+, −, ∗, /, ⌊·⌋ for real operands, and the comparators <, ≤,
=, ≥, > with their usual mathematical meaning. We use an
extension of the theory supported by the SMT solver CVC5
(Barbosa et al. 2022) that also defines exponentiation ·k for
k ∈ N and

√
·. The set theory (Bansal et al. 2018) defines

sorts SetT (with elements of sort T ), the usual set operations
and predicates (∪, ∩, \, ∈, ⊆), functions |·| for the cardinal-
ity, ∅ and {·} for creating an empty or singleton set.



Interval Arithmetic
Closed intervals are important for several aspect of our work.
Given intervals X = [XL, XU ], Y = [YL, YU ], a constant
c ∈ R, and a set S ⊆ R, we define the following symbols:

X + Y = [XL + YL, XU + YU ] min(X) = XL

cX = Xc = [cXL, cXU ] max(X) = XU

c ∈ X iff XL ≤ c ≤ XU X = ∅ iff XL > XU

S ⊆ X iff x ∈ X for all x ∈ S

X ∩ Y = [max(XL, YL),min(XU , YU )]

X ∪ Y = [min(XL, YL),max(XU , YU )]

(X ⋔ Y ) iff X ∩ Y ̸= ∅

Abstract Interpretation
Abstract Interpretation (Cousot and Cousot 1977) is a
method for static analysis of software. It analyzes programs
in terms of the possible variable values at each program
point, but instead of considering their concrete values in a
domain D, it uses an abstract domain Dα, where each value
represents a set of concrete values. A fixpoint in an abstract
execution is an overapproximation of all possible program
behaviours. We refer to Miné (2017) for a detailed explana-
tion.

Formally, an abstract domain Dα comes with a partial or-
der ⊑α on Dα with least element ⊥α and greatest element
⊤α, a concretization function γ : Dα → D, abstractions
of union ∪α and intersection ∩α to combine abstract values
such that they overapproximate their concrete counterparts,
and abstract semantics for assignments and conditions.

We represent programs by program graphs. To compute
an abstract interpretation, their edges are associated with ab-
stract values that are repeatedly updated until a fixpoint is
reached. They consist of the following types of nodes:
• The single entry node has no incoming edges. Their out-

going edge is initialized to the least element ⊥α.
• Assignment nodes correspond to simultaneous assign-

ments v ← expr to several variables. Their outgoing edge
is updated with the abstract assignment semantics.

• Assumption nodes contain statements assume cond,
where program execution cannot continue unless cond is
satisfied. Their outgoing edge is updated by intersecting
the incoming value with the abstract condition semantics.

• Non-deterministic choice nodes may have multiple out-
going edges, corresponding to branching in the program.
They copy the incoming value to all outgoing edges.

• Junction nodes have an arbitrary finite number of incom-
ing edges, merging several paths. Their outgoing edge is
updated as the abstract union of incoming edges.

• The single exit node has no outgoing edges.
Each update results in a superset of the previous value.

To guarantee termination, in each program loop a widening
operator ∇ is applied that combines old and new abstract
values into a superset of the two in such a way that any re-
peated application converges in finite time. The final abstract
values at an edge contain all possible values at the respective
program point and represent invariants of the program.

We use several numeric domains. The interval domain
(Cousot and Cousot 1976) expresses bounds on the values
of single variables. Its abstract values are all closed intervals
[a, b] ⊆ Z∪{−∞,+∞} (or R∪{−∞,+∞}) with least el-
ement ⊥α representing the empty interval. The partial order
⊑α is⊆,∩α is∩, and∪α is∪ on intervals. Arithmetic opera-
tors +,−, ∗, / are abstracted by performing the computation
on the bounds of the intervals corresponding to the operands.
Widening [a, b]∇[c, d] replaces a with −∞ if c < a and
b with ∞ if b < d. The octagon domain (Miné 2006) ex-
presses differences between two variables using inequalities
±x ± y ≤ c and the polyhedra domain (Cousot and Halb-
wachs 1978) expresses linear dependencies between vari-
ables using linear inequalities

∑n
i=1 aixi ≥ c.

Net-Change Constraints for DIDP
We now introduce a general form of net-change constraints
for transition systems and then apply them to DIDP.

State Features Instead of tracking how often an atom is
produced and consumed, we consider state features f : S →
R, e.g. a numeric DIDP expression. In the experiments, we
consider one feature fv(S) = S(v) for every numeric and
element variable. In addition, we consider one indicator fea-
ture fv=d for each combination of an element variable v and
one of its values d that is 1 in states S with S(v) = d. The
reason is that treating changes to element variables as nu-
merical changes can be misleading. For example, moving
from location 4 to location 7 in a TSP is a change of 3 but
this difference is meaningless in the TSP. For set variables v,
we consider two kinds of features: the cardinality of the set
f|v|(S) = |S(v)| and an indicator feature for each element x
of the correspond type fx∈v(S) that maps to 1 iff x ∈ S(v).

Interval-based net-change constraints Along path π =
⟨ℓ1, . . . , ℓn⟩ via states S0, S1, . . . , Sn, the value of a fea-
ture f starts at f(S0), then changes to f(S1), f(S2) and
so on until it reaches f(Sn). In step i label ℓi causes
the change ∆i = f(Si) − f(Si−1) and overall, we have∑

i ∆i = f(Sn) − f(S0). We would like to group the ele-
ments of this sum by label and write

∑
ℓ∈L ∆ℓoccur(ℓ, π) =

f(Sn)− f(S0). However, labels can occur multiple times in
π and induce different changes each time, so ∆ℓ cannot be
represented as a constant.

For each label ℓ in a transition system ⟨S, L, T, I,G, cost⟩
and each feature f , let Dℓ,f = {f(S′) − f(S) | S ℓ−→ S′ ∈
T} be the possible changes that ℓ can cause for f and let
∆ℓ,f be an interval with Dℓ,f ⊆ ∆ℓ,f . Further, define Df =
{f(s⋆) − f(I) | s⋆ ∈ G} and ∆f as an interval containing
all values in Df .
Definition 1. Let T = ⟨S, L, T, I,G, cost⟩ be a transition
system and let f : S → R be a state feature. The interval-
based net-change constraint for f in T is∑

ℓ∈L

∆ℓ,fxℓ ⋔ ∆f

This constraint uses intervals as coefficients and is non-
linear, so it is not an operator-counting constraint. But simi-
lar to one, it is satisfied by operator occurrences in solutions.



Proposition 1. Let f be a state feature for a transition sys-
tem T and π a solution of T . The interval-based net-change
constraint for f is satisfied by xℓ = occur(ℓ, π).

Proof. Let π = ⟨ℓ1, . . . , ℓn⟩ and S0, S1, . . . , Sn the states
that π passes through (with S0 = I). For 1 ≤ i ≤ n we have
(f(Si) − f(Si−1)) ∈ Dℓi,f ⊆ ∆ℓi,f . Thus nc = f(Sn) −
f(S0) =

∑
1≤i≤n(f(Si) − f(Si−1)) ∈

∑
1≤i≤n ∆ℓi,f =∑

ℓ∈L ∆ℓ,fxℓ. Likewise, we have nc ∈ Df ⊆ ∆f , so nc is
a witness for

∑
ℓ∈L ∆ℓ,fxℓ ⋔ ∆f .

General net-change constraints We can derive linear
operator-counting constraints from an interval-based con-
straint using that (X ⋔ Y ) iff X ̸= ∅, Y ̸= ∅, min(X) ≤
max(Y ), and min(Y ) ≤ max(X). The first two of these
constraints are trivially satisfied if all involved intervals are
non-empty. An interval ∆ℓ,f can only be empty if there is
no transition labeled with ℓ and ∆f can only be empty if the
transition system has no goal state. In such cases, we can fix
xℓ = 0 or report T unsolvable in a preprocessing step.

Definition 2. Let T = ⟨S, L, T, I,G, cost⟩ be a transition
system and f a state feature. The general net-change con-
straint for f in T consists of the following two inequalities.∑

ℓ∈L
min(∆ℓ,f )xℓ ≤ max(∆f ) (3)∑

ℓ∈L
max(∆ℓ,f )xℓ ≥ min(∆f ) (4)

If every label occurs on at least one transition and there
is at least one goal state, constraints (3)–(4) are equivalent
to the interval-based formulation, as min(

∑
ℓ∈L ∆ℓ,fxℓ) =∑

ℓ∈L min(∆ℓ,f )xℓ (and analogously for maximization).

Connection to classical planning The net-change con-
straint for an atom a (equation (1)–(2)) can be seen as a
special case of general net-change constraints using a fea-
ture fa that is 1 in states satisfying a and 0 otherwise. In
that case ∆o,fa is [1, 1] if o always produces a, [0, 1] if o
sometimes produces a, [−1,−1] if o always consumes a,
and [−1, 0] if o sometimes consumes a. The bounds [L,U ]
on the net change used in constraints (1)–(2) directly corre-
spond to ∆fa . Using this in (3)–(4) shows the equivalence.

Connection to numeric planning The LP-RPG heuristic
for numerical planning (Coles et al. 2013) identifies an op-
erator o as a producer or consumer of a numeric variable v
if applying o always increases or decreases the value of v by
some constant δ(v, o). This is used in a relaxed plan graph
(RPG) as a constraint v′ = v +

∑
o Coδ(v, o) where v and

v′ are the values of the variable in two subsequent layers and
Co is a variable representing the number of times o is used in
between those two layers. The constraint matches the gen-
eral net-change constraint in cases where all operators are
producers, consumers, or irrelevant for v. The main differ-
ence is that the RPG-constraint encodes the change between
two layers of the RPG, while net-change constraints encode
the total change throughout the plan.

The numeric state equation constraints by Piacen-
tini et al. (2018b) consists of constraints I(v) +∑

o∈O δ(v, o)xo ≤ ubv (their equation 18, adapted to our

notation) where δ(v, o) is the constant that o adds to v,
and ubv is an upper bound for the value of v in any (goal)
state. This constraint matches (3) and the corresponding
lower-bound constraint (their equation 19) matches (4) with
∆v = [lbv − I(v), ubv − I(v)]. Piacentini et al. also in-
clude a constraint that considers multiple features that oc-
cur together in a goal condition (their equation 17). This is
not covered by our constraints but could be added for suf-
ficiently simple goal conditions (e.g. linear expressions) by
replacing each variable v with I(v)+

∑
ℓ∈L ∆ℓ,vxℓ and then

minimizing/maximizing over the resulting interval equation.
In contrast to the two methods, general net-change con-

straints also deal with features that are not numeric variables
and cases where operators do not induce a constant change.

Use in DIDP To use general net-change constraints in
DIDP, we still have to define which labels to use, how to
minimize the total cost of used operators subject to the con-
straints, and how to compute good overapproximations ∆ℓ,f

and ∆f . We now discuss these steps in more detail.

Splitting DIDP Operators
When mapping a DIDP instance to a labeled transition sys-
tem, it can be beneficial to treat one DIDP operator as multi-
ple labels. For example, in a TSP, move(j) moves the agent
from its current location to j. This clearly produces the atom
that the agent is at j but without knowing where the opera-
tor was applied, it is unclear which atom is consumed. Using
labels move(i, j) for moves from i to j simplifies this. For-
mally, we can split a DIDP operator by creating copies of
it and adding jointly-exhaustive preconditions to the copies
(Röger, Pommerening, and Helmert 2014).

In the experiments our strategy is to instantiate element
variables which occur in cost expressions. For example, in
TSP, the cost of move(j) is dist[l, j], the distance from the
current location l to j. Note that j is a constant here, but l is
a variable. We create one copy of move(j) for each value i ∈
dom(l) and add the precondition (l = i) to it. This creates an
operator that moves from i to j (for constants i and j).

Optimizing Total Cost
To derive a lower bound on the solution cost from a set
of operator-counting constraints OCC in a transition system
with labels L, we have to solve the following problem:

Minimize
π∈L∗

cost(π) subject to OCC and

xℓ = occur(ℓ, π) for all ℓ ∈ L

Since any optimal solution of the transition system must sat-
isfy OCC with xℓ = occur(ℓ, π), minimization over all label
sequences yields a lower bound to the optimal solution cost.

For DIDP, a complication comes from the fact that cost(π)
is defined by a cost algebra ⟨A,⊔,×,⪯,0,1⟩, and that the
cost function can be state-dependent. That is, for a plan
π = ⟨o1, . . . , on⟩ passing through states ⟨S0, . . . , Sn⟩, the
cost of π is defined as cost(π) = S0(cost(o1)) × · · · ×
Sn−1(cost(on)). We underestimate the state-dependent cost
function with the state-independent cost function cost(o) =
⊔scost(o, s). Splitting DIDP operators as discussed above



can mitigate the effect of this underestimation. In the follow-
ing we can assume that operator costs are state-independent
and cost(π) = cost(o1)× · · · × cost(on).

We made the further assumption that × is commutative.
This is true in all our benchmarks as well as in all cost al-
gebras implemented in the DIDP library so far. The total
cost can then be written as cost(π) =×o∈O cost(o)occur(o,π)

where an is interpreted as (a × · · · × a) with n repetitions
of a. This simplifies the operator-counting problem from an
optimization over all operator sequences to an optimization
of operator counts:⊔

x∈N|O|

×
o∈O

cost(o)xo subject to OCC (5)

For some special cases of operator ×, the expression an

has a well-defined interpretation. For example, when × de-
notes addition, an = na; and when× denotes the maximiza-
tion, an = a. For both the cases, the optimization problem
can be solved as an LP.

Even in the general case, with no formal paradigm defin-
ing an, optimization problem (5) can be solved using Logic-
Based Benders Decomposition (Hooker and Ottosson 2003).
This decomposes the problem into two parts, the master:
Minimizex∈N|O|,z∈R z subject to OCC and χ, and the sub-
problem: z ≥ f(×o∈O cost(o)

xo), where z ∈ R represents
the cost, constraints χ connect operator-counting variables x
to z, and f is a morphism mapping A into R ⊆ R, preserv-
ing the relation, a ⪯ b ⇐⇒ f(a) ≤ f(b).

The master and subproblem are solved iteratively start-
ing with the master using any Mixed Integer Linear Pro-
gramming solver. The subproblem is solved by evaluating
λ(z) ≥ f(×o∈O cost(o)

λ(xo)) for the assignment λ to mas-
ter variables x and z. If the subproblem is satisfied, λ is op-
timal, otherwise the conflict resolution clause∧

o∈O
(xo ≥ λ(xo))→ (z ≥ f(×o∈O cost(o)

λ(xo)))

is added to the master as a Benders cut. Master and subprob-
lem are repeatedly solved until the subproblem is satisfied.

Bounding the Possible Change using SMT
We now discuss how the intervals ∆o,f (overapproximating
the possible changes to f induced by o) and ∆f (overap-
proximating the net change in f ) can be computed for an
operator o and a feature f encoded as a numeric expression.

Our approach uses an encoding η(e,V) of a DyPDL
expression e over variables V as an SMT formula. Most
DyPDL expressions can be straight-forwardly encoded, as
the languages are similar. However, for set expressions, the
semantics are subtly different: DyPDL sets s are always
subsets of some finite set Eτ(s). We could create a sort T
for each type τ(s) and use sort SetT for s. However, el-
ements of these sets would no longer be compatible with
the numeric operations in the theory of integers. We thus
use sort SetInt for all sets. When computing the comple-
ment of a set we then have to make the set Eτ(x) explicit,
to compute the complement relative to the correct domain.
For DyPDL tables T , we use uninterpreted function symbols

fT of the correct arity k and add clauses fT (x1, . . . , xk) =
T [x1] · · · [xk] to fix the table entries. Reduce expressions are
rewritten as a sequence of if-then-else expressions. For ex-
ample

∑
x∈s T [x] is rewritten as

∑
x ITE(x ∈ s, T [x], 0).

Some valid DyPDL expressions (xy where y is not an inte-
ger constant, x%y for continuous terms) cannot be encoded
in the SMT theories we use but these do not occur in our
benchmarks. For a full list, see the supplementary material.

To compute bounds on ∆f , we evaluate f in the target
state and then encode η(B,V)∧η(C,V)∧(η(f,V) ≤ d) for
a constant d to express that f can have a value of at most d
in a base case B. A binary search on the domain of a 32-bit
integer can find the lowest value of d for which the formula
is satisfiable in at most 32 satisfiability checks. For integer-
valued features, this is a lower bound to ∆f . For real-valued
features we have to use the infimum instead of the minimum
and thus pick the first value for which the formula is unsat-
isfiable. An upper bound can be found with a second binary
search on an analogous formula. In case one of the binary
searches does not yield a bound, the instance is unsolvable.

For ∆o,f we use two copies of the DyPDL variables V and
V ′ to encode a transition S

o−→ S′, where variables in V are
used for statements about S and variables in V ′ for S′. The
formula is the conjunction of four parts, representing in turn
that pre(o) is satisfied in S, that the effects of o are applied
in S′, that S and S′ satisfy properties of reachable states,
and that the difference in the feature value of f is bounded
by d. The subformula invariants(V,V ′) consists of clauses
0 ≤ v and v < nτ(v) for every element variable, v ⊆ Eτ(v)

for every set variable, analogous clauses for S′, as well as
η(C,V ′) to ensure that the state constraint is satisfied in S′.
We will later show how the formula can be strengthened with
additional invariants.

η(pre(o),V) ∧
(∧

⟨v,ev⟩∈eff(o)

η(v,V ′) = η(ev,V)
)

(6)

∧ invariants(V,V ′) ∧ (η(f,V ′)− η(f,V) ≤ d) (7)

A model of (6)–(7) describes a state where o is applicable
and changes the value of f by at most d. As before, we use
two binary searches to determine ∆o,f . If one of them does
not yield a bound, ∆o,f = ∅ and we fix xo = 0.

The size of the SMT formula in (6)–(7) is linear in the size
of the DIDP expressions of preo, effo for a single operator o,
and the relevant tables and invariants.
Example 1. Consider a TSP encoding with a set variable U
that tracks the set of unvisited locations and an element vari-
able L for the current location of the agent. For a specific
city c, the feature fc∈U is 1 if c is unvisited and 0 otherwise.
Let n = nτ(U), E = Eτ(U), and let o = movec be an opera-
tor that moves to c. Its precondition is (c ∈ U) and its effect
is {(L, c), (U,U \ {c})}. The constructed SMT formula for
difference d is

(c ∈ U) ∧ (L′ = c) ∧ (U ′ = U \ {c})
∧ (0 ≤ L) ∧ (L < n) ∧ (U ⊆ E)

∧ (0 ≤ L′) ∧ (L′ < n) ∧ (U ′ ⊆ E)

∧ (ITE(c ∈ U ′, 1, 0)− ITE(c ∈ U, 1, 0) ≤ d)



The lowest value of d for which the formula is satisfiable is
−1. Replacing ≤ with ≥ shows that the lowest upper bound
is −1 as well, fixing ∆o,fc∈U

= [−1,−1].
In the example above, the discovered interval is tight. Un-

fortunately, this is not guaranteed. In the next example, we
see how the SMT encoding can fail to find a bound.

Example 2. A bin-packing problem for items N can be en-
coded with a set variable U (Eτ(U) = N ) representing
the set of unpacked items and an integer variable r for the
amount of remaining space in the last open bin (initially
0 assuming no bin is open). There is an operator packi
to pack item i ∈ N into the current bin if i is unpacked
(i ∈ U ) and there is sufficient space left (wi ≤ r). Its effect
is {⟨U,U \{i}⟩, ⟨r, r−wi⟩}. Furthermore, there is an oper-
ator open that is only applicable if there is at least one item
to pack (U ̸= ∅) and no item fits in the current bin anymore
(
∧

i∈N ((i /∈ U) ∨ (wi > r))). Its effect is to open a new bin
with capacity q: {⟨U,U⟩, ⟨r, q⟩}.

Consider the feature fr that evaluates to the value of r.
The SMT formula for the change induced by o = open (ig-
noring some irrelevant invariants) is

(U ̸= ∅) ∧
∧

i∈N
((i /∈ U) ∨ (wi > r))

∧ (U ′ = U) ∧ (r′ = q) ∧ (U ⊆ N) ∧ (r′ − r ≤ d)

As expected, the formula establishes a lower bound of q −
maxi∈I(wi − 1) for the change in fr. However, if we re-
place ≤ with ≥ to look for an upper bound of the change,
the formula becomes satisfiable for any value of d with
r = min({q − d} ∪ {wi − 1 | i ∈ U}).

The reason why the formula does not yield a useful upper
bound in the example above is that it considers each operator
in isolation. If r could become negative, setting it to q could
increase its value by an arbitrary amount. To see that this is
not possible, more global reasoning is necessary. Operator
packi can only reduce r but never below 0 while open sets r
to q. Since the value initially is in the interval [0, q], it will
remain in this interval in all reachable states. We now show
how to automate this argument.

Invariants
We discuss two methods for deriving invariants of a DyPDL
model using abstract interpretation and SMT. Any invari-
ants we discover can be encoded in an SMT expression and
added to invariants(V,V ′) in formula (7). This strengthens
the formula and can lead to tighter bounds on ∆o,f

Abstract Interpretation Invariants
The reachable part of the DIDP state space can be described
as a non-deterministic program shown in Algorithm 1. The
program initializes the variables to the values they have in
S0. Afterwards, it repeatedly selects an operator, checks that
it is applicable, applies the operator’s effects, and checks that
the resulting state does not violate the state constraint.

Program invariants for the start of line 8 are invariants
for reachable states in the DIDP model. We can represent
the program as the program graph shown in Figure 1. Since

Algorithm 1: Program to compute any reachable state.
1: v ← S0(v) for all v ∈ V
2: while not terminate() do
3: o← non-deterministic choice from O
4: assume(pre(o))
5: v ← ev for all ⟨v, ev⟩ ∈ eff(o)
6: assume(C)
7: end while
8: return state stored in variables v ∈ V

v ← S0(v)

. . .

. . .v ← eff(o1)(v)

pre(o1)

v ← eff(on)(v)

pre(on)

C

(1)

(2)

(3)∇

(4)

(5)

(6)

(7)

(8)
(9)

Figure 1: Program graph for Algorithm 1 for the special case
of a single variable. With multiple variables, assignments to
all variables must be done in the same node. Widening is
performed on edge (3).

Apron (Jeannet and Miné 2009), the library we use to com-
pute abstract interpretations, only supports numeric vari-
ables and a limited set of expressions, we now discuss how
we can express assumptions and assignments of DIDP ex-
pressions in this language.

Apron natively supports integer and floating point num-
bers, expressions built from the common mathematical oper-
ators {+,−, ∗, /,%,

√
, exp}, as well as all rounding modes

that DyPDL supports. Expressions |n| can be replaced with
ITE(n ≥ 0, n,−n), max(e1, e2) with ITE(e1 ≥ e2, e1, e2),
and min(e1, e2) with ITE(e1 ≤ e2, e1, e2).

If an ITE(b, x1, x2) expression occurs in any assignment
or assumption node n of the program graph, a fresh vari-
able v is added and we insert a non-deterministic choice with
branches (assume(b); v ← x1) and (assume(¬b); v ← x2)
before n, We then replace the ITE expression in n with v.
Afterwards, boolean expressions only occur in assumptions.

Apron does not support boolean operators {∧,∨,¬}, so in
assumption nodes we first transform the condition to nega-
tion normal form, moving the negations in front of basic nu-
meric relations, then use complement relations to get rid of
them, e.g. transforming ¬(x < y) to (x ≥ y). We then re-
peatedly split assumption nodes for conjunctions a∧b into a
sequence of two assumption nodes for a and b, and assump-
tion nodes for disjunctions a ∨ b into a non-deterministic
choice of assuming a or assuming b.

We compile expressions accessing tables with element
expressions T [e1] · · · [ek] into a series of ITE expressions



that check for each combination of indices xi ∈ Eτ(ei)

whether xi = ei and assign a temporary variable to
the matching table entry. We rewrite reduce expressions
reduce(T, ◦, s1, . . . , sk) with ITE expressions just as in our
SMT encoding.

For set variables s with domain 2Eτ(s) , we introduce one
integer variable si for each i ∈ Eτ(s), that is 1 if i ∈ s
and 0 otherwise. Set cardinality |s| is then simply

∑
i si and

set expressions can be seen as a sequence of numeric ex-
pressions, one for each entry. Set operations are encoded as
their influence on each si: (s̄)i = 1−si, (s1∩s2)i = s1is2i,
(s1∪s2)i = s1i+s2i−s1is2i, and (s1 \s2)i = s1i(1−s2i).
Set equality s1 = s2 can be expressed as

∧
i s1i = s2i, sub-

set relations s1 ⊆ s2 as
∧

i s1i ≤ s2i, and inequality s1 ̸= s2
as

∑
i(s1i(1− s2i))+ ((1− s1i)s2i) ≥ 1. Finally, e ∈ s can

be written as (
∏

i(e+1)− (i+1)si) = 0 (after shifting the
indices up by one they all are different from 0).

The result of this encoding is a program graph as the one
in Figure 1. We use Apron with different abstract domains
to extract invariants from the abstract value of the edge lead-
ing to the exit node which represents a reachable state. We
perform widening starting from the second iteration through
the loop which means the computation will terminate.

Example 3. Consider the Bin Packing model from Exam-
ple 2 again. We now show how abstract interpretation with
the interval domain computes an invariant for r (we ignore
U for simplicity) referring to edge labels in Figure 1.

The abstract value of r is initialized to ⊥α at edge (1),
then updated to [0, 0] at (2), and propagated to (3) and (4).

In the branch for open, the value of r is not changed in (5)
and set to [q, q] on (6), while in the branch for packi, it is set
to ⊥α in (5) based on the precondition r ≥ wi. The values
are joined to [q, q]∪⊥α = [q, q] on edge (7). There is no state
constraint, so [q, q] propagates to (8). Joining it with [0, 0]
from (2) updates the value of (3) to [0, 0] ∪ [q, q] = [0, q].

Widening at this point would widen [0, q] to [0,∞] be-
cause the upper bound increased in the loop. This occurs in
the first iteration of any problem, because operators change
the abstract values set in the initial state, which is why we
skip the first widening. In the second iteration, the branch for
open again yields [q, q] at (6), while in the branch for packi,
assuming the precondition r ≥ wi this time changes [0, q] to
[wi, q] at (5). Executing the effect then yields [0, q − wi] at
(6). Joining the values gives [0, q] at (7) and (8). At (3) we
reach a fixpoint. The extracted invariant is 0 ≤ r ≤ q. If we
add this invariant to the formula in Example 2, we can now
find an upper bound of q for the change open induces in fr.

Templated Invariants
When extracting invariants with abstract interpretation, the
form of the discovered invariant is limited by the abstract
domain we are using. For example, in the TSP, the current
location L is always visited, so L /∈ U is an invariant but
none of our abstract domains could find it: the space it de-
scribes in terms of the variables L and Ui is non-convex.

An alternative way of computing invariants is to fix a
mathematical form, generate candidates of this form, and
test if they are indeed invariants. We restrict the form to

e ∈ s and e /∈ s for element variables e and set variables s,
since these cannot be found with abstract interpretation and
there is a small finite pool of such candidates. The method
for testing an invariant is more general, though.

To test whether a boolean DyPDL expression b is an in-
variant, we have to confirm that it is satisfied in the initial
state (S0 |= b) and cannot become false along a transition.
We can verify the latter by testing the following SMT for-
mula for satisfiability which closely follows (6)–(7).

η(pre(o),V) ∧
(∧

⟨v,ev⟩∈eff(o)

η(v,V ′) = η(ev,V)
)

∧ η(C,V) ∧ η(C,V ′) ∧ η(b,V) ∧ ¬η(b,V ′)

If the formula is satisfiable, there is a state where b holds, o
is applicable and invalidates b. If this is not the case for all
operators o ∈ O, then b is an invariant.

Case Studies
We now put the pieces of the previous sections together to
derive lower bounds for our running examples. Interestingly,
these lower bounds match well-known handcrafted bounds.

TSP
As shown earlier, in the TSP, our context splitting strategy
splits move(j) into operators move(i, j) for all locations i
with the additional precondition (L = i) and a constant cost.
Invariant L /∈ U is found by the templated invariant synthe-
sis and shows that move(i, i) is never applicable. Compil-
ing away the base cases introduces operators move(i, 0) that
move back from some location i to the initial location 0 once
the set of unvisited locations is empty U = ∅.

For the feature fk∈U operator move(i, k) for k ̸= 0
changes the value by exactly −1 which our methods detect
as shown in Example 1. Other operators do not change the
value of fk∈U . The value of fk∈U in any base case is cor-
rectly determined as 0 making the net change ∆fk∈U

equal
to −1 if k ∈ S(U) and 0 otherwise. Since all intervals are
tight, the general net-change constraints (3) and (4) form an
equation

∑
i xmove(i,k) = [k ∈ S(U)] expressing that every

unvisited location has to be entered exactly once.
For feature fL=k the change induced by any move is 1 if

it enters k, −1 if it leaves k and 0 otherwise. The value in
any base case is 1 for k = 0 and 0 otherwise. In state S the
value is 1 for k = S(L) and 0 otherwise. Again, all bounds
are tight and can be determined automatically. The resulting
constraint is [S(L) = k] +

∑
i xmove(i,k) =

∑
j xmove(k,j) +

[k = 0] expressing that the number of moves entering and
leaving a location have to balance out (with correction terms
for the current and the target location).

Minimizing the total cost over these constraints computes
a network flow through the unvisited locations starting at
S(L) and ending in 0. It visits every location once but might
have isolated subtours. This is a common LP relaxation of
the TSP. The user-specified bound in the DyPDL benchmark
computes the minimal costs of entering/leaving each unvis-
ited location and maximizes over those two values. The net-
change constraints also ensure that each unvisited location
is entered and left once, so they dominate this bound.



Bin Packing
In our Bin Packing model, we derive a constraint xpack(k) =
[k ∈ S(U)] for the feature fk∈U analogous to the TSP case.

The bounds on fr depend on deriving the invariant 0 ≤
r ≤ q as we have seen in Examples 2 and 3. With this invari-
ant, net change can be determined to be ∆fr = [0, q]−S(r).
Operator pack(k) deterministically changes the value by
−wk while open induces a change in [q −maxi(wi − 1), q]
as shown in the examples. The resulting constraint is

(q −maxi(wi − 1))xopen −
∑

i
wixpack(i) ≤ q − S(r)

qxopen −
∑

i
wixpack(i) ≥ −S(r)

Plugging in the first constraint removes the dependency on
variables xpack(i) and shows that these constraints provide
upper and lower bounds on the number of bins to open. As
we minimize costs, the upper bound is redundant. The lower
bound is xopen ≥ (

∑
i∈S(U) wi − S(r))/q, which is one of

three handcrafted lower bounds in the benchmark model.

Experiments
We evaluate our operator-counting framework on estab-
lished OR problems that serve as benchmarks in existing
DIDP literature (Kuroiwa and Beck 2023b; Narita, Kuroiwa,
and Beck 2025), including the traveling salesperson prob-
lem (TSP), bin-packing problem (BPP), multi-commodity
pick and delivery TSP (m-PDTSP), and the talent schedul-
ing problem (TS). For TSP, we use TSPLIB instances with
fewer than 100 cities (Reinelt 1991). For BPP, m-PDTSP,
and TS, we use the same datasets as Kuroiwa and Beck.

Each benchmark was run on a single core of a 64-core
AMD EPYC 7742 processor with a memory limit of 3.5
GB. Execution time was limited to 30 minutes for the
search and to 2 hours for the operator-counting preprocess-
ing. Operator-counting heuristics were evaluated with five
different ways of computing invariants: no-invariant (ONI),
template-based invariants (OTI), and abstract interpretation
invariants using interval (OII), octagon (OOI), and poly-
hedra (OPI) domains. The heuristics were used in a cost-
algebraic A∗ solver and their performance compared against
the zero heuristic (ZO) and user-defined heuristics (USR).

Table 1 shows that the number of expansions and hence
the informedness in operator-counting heuristic depends on
the computed invariants. Compared to ONI, interval-based
invariants (OII) reduce the required expansions by an order
of magnitude in BPP. For TSP, we see this with the template-
based approach (OTI). This is consistent with our case study
and translates to better coverage in TSP.

In BPP, OII solves more instances to optimality than other
operator-counting strategies, but unlike in TSP, it solves
significantly less instances than the user-defined heuristic,
pointing to an accuracy-time trade-off: the additional com-
putational effort required to automatically derive a stronger
heuristic does not yield performance gains in this domain.

For m-PDTSP, the operator-counting heuristic solves the
largest number of problems with an order of magnitude
fewer expansions. However, in contrast to TSP and BPP, au-
tomatic invariant computation does not contribute to tight-

Expansions ONI OII OTI USR ZO

BPP (101) 210k 25k 210k 15k 210k
m-PDTSP (855) 37k 37k 37k 195k 292k
TS (183) 948k 948k 948k 948k 1173k
TSP (4) 223k 223k 33k 315k 326k

Coverage ONI OII OOI OPI OTI USR ZO

BPP (1615) 109 210 1 0 111 900 217
m-PDTSP (1178) 979 975 869 327 978 899 891
TS (1000) 184 184 184 0 184 184 183
TSP (39) 4 4 4 0 10 4 4

Table 1: Average expansions on commonly solved instances,
excluding OOI and OPI to get meaningful averages (top) and
optimal coverage (bottom).

ening the LP in this problem. All solvers exhibit similar per-
formance on Talent Scheduling, except for abstract interpre-
tation using the polyhedra domain, which fails to complete.

When considering preprocessing time in the 30 minutes
time limit, OTI solves four fewer TSP instances, still outper-
forming other methods. In contrast, ONI solves a hundred
fewer m-PDTSP instances than USR, losing its advantage.

Preprocessing itself is costly: computing possible changes
consumes the majority of the time in ONI, OII, and OTI.
Also, as the abstract domain becomes more expressive, in-
variant synthesis grows increasingly expensive, with OPI,
using the most expressive polyhedra domain, spending 95%
of its time on this; see the results in Supplementary material.

Preliminary tests on other domains show worse results.
Our experiments show the method’s potential and we see
them as a proof of concept. More experiments are needed to
establish average performance.

Conclusion and Future Work
We introduced operator-counting heuristics based on net-
change constraints for DIDP. These heuristics achieve strong
lower bounds, matching or exceeding some manually speci-
fied bounds without requiring input from a domain expert.

Preprocessing is the main bottleneck for our current ap-
proach as each combination of an operator and a feature re-
quires solving up to 64 SMT problems. Generating features
incrementally up to a threshold would reduce the load. We
also plan to study a per-domain lifted computation of the
intervals ∆o,f to amortize the cost over multiple instances.

In classical planning, potential heuristics can quickly
approximate net-change constraints with high accuracy.
Adopting this idea to our setting could speed up the dual
bound computation. Conversely it would be interesting to
try our heuristic in a (non-simple) numeric planning setting.

Our framework can handle any commutative cost algebra
using logic-based Benders decomposition. Extending it to
non-commutative algebras is an interesting problem.

We use abstract interpretations to derive invariants for
DIDP which offers other directions for future work. For ex-
ample, we could introduce explicit variables for ∆o,f inside
our non-deterministic program and derive invariants on them
without an SMT solver.
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