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Abstract

Existing approaches to delete-relaxation heuristics in classical
planning with axioms are based on task transformations, three-
valued logic, or answer set programming. We introduce three
additional, novel methods that follow the task-transformation
approach, internally compiling axioms away. We show that ex-
isting task-transformation approaches yield unsafe heuristics
and conjecture a well-founded bridge to the three-valued logic
approach, resulting in a dominance hierarchy over existing
and new methods. Experimental evaluations show that our
delete-relaxation methods perform favorably in overall cov-
erage compared to the existing approaches, for both optimal
planning with A™ and satisficing planning with A

1 Introduction

Classical planning studies deterministic, fully observable,
single-agent problems, aiming to transform an initial state
into a goal state via a sequence of operators. Axioms are
an important modeling tool, enabling compact representa-
tions of complex properties such as recursive dependencies
and reachability conditions (e.g., Thiébaux, Hoffmann, and
Nebel 2005). Beyond improving modeling convenience, ax-
ioms strictly increase the expressiveness of planning for-
malisms (Thiébaux, Hoffmann, and Nebel 2005; Hoffmann
and Edelkamp 2005; Grundke, Roger, and Helmert 2024).

Several works study planning with axioms, including
heuristic search (Thiébaux, Hoffmann, and Nebel 2005;
Ivankovic and Haslum 2015), symbolic search (Speck et al.
2019, 2025), and SAT-based planning (Behnke, Speck, and
Gnad 2025). We focus on heuristic search, a common ap-
proach to classical planning, with delete relaxation being
widely used to derive informative heuristics by ignoring
negative effects (Bonet and Geffner 1999; Hoffmann and
Nebel 2001). Ivankovic and Haslum (2015) relate delete re-
laxation to monotonic relaxation, compute heuristics using
three-valued logic h3y,; and answer set programming h}gp,
and show that h;VL is dominated by hj:sp.

We introduce three admissible delete-relaxation heuris-
tics, hyas hés, and Ay, that support axioms via compilation
leveraging zero-cost operators. Moreover, we identify issues
in existing systems (Thiébaux, Hoffmann, and Nebel 2005;
Helmert 2006) and prove that the underlying approach is
incomplete by showing that their heuristics are not safe.
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Figure 1: A hierarchy of delete-relaxation heuristics high-
lighting a conjectured bridge between different approaches.

Furthermore, we extend the domination hierachy by
Ivankovic and Haslum (2015) with our delete-relaxation
heuristics and conjecture the equality of A and hiy, (Fig-
ure 1). This conjecture is also strongly supported by our
empirical findings. Finally, our experiments show that our
novel heuristics perform favorably for optimal and satisficing
planning compared to the state of the art.

2 Background

For a set of propositional variables V, we denote by £()) the
set of all formulae that can be obtained using the connectives
A (conjunction), V (disjunction), and — (negation). A literal
£ is either a variable v € V or its negation —v. With C(V) C
L(V), we refer to the set of conjunctions of literals as well
as T (the formula that always evaluates to T) and L (the
formula that always evaluates to F'). We assume familiarity
with the standard rules of propositional logic (Kleine Biining
and Lettmann 1999).

We consider classical planning tasks with axioms (e.g.,
Thiébaux, Hoffmann, and Nebel 2005) and arbitrary con-
ditions and conditional effects over propositional variables
(e.g., Rintanen 2008).

Definition 1 (Planning Task). A planning task is a tuple
II=(V,D,0,ATZ,~).V is a finite set of basic variables
and D is a finite set of derived variables with V N D = ().
O is a finite set of operators, where each operator o =
(pre(o), eff (0), cost(0)) consists of a precondition pre(o) €
L(VUD), an effect eff (0), and a cost cost(o) € Rx¢. Effects
are defined inductively: 1) T is the empty effect, 2) v is a
positive atomic effect and —w is a negative atomic effect for
v €V, 3) (ee)is aconjunctive effect if e, ¢’ are effects,
and 4) (x > e) is a conditional effect if e is an effect and
X € L(V U D) is a formula, called the effect condition.We
sometimes omit parentheses and write e Ae’ and y > e instead
of (ene’) and (x>e). A is a finite set of axioms. Each axiom
a is of the form d < ¢, where head(a) = d € D, is called
the head of a, and body(a) = ¢ € C(V U D), is called the



body of a. A (basic) state s : V — {T, F} is a complete truth
assignment over the basic variables, while an extended state
s' 1 VUD — {T,F} is a complete truth assignment over
both the basic and derived variables. We denote by S(IT) the
set of all basic states. The initial state T € S(II) is a basic
state, while the goal condition v € L(V U D) is a formula.

Axioms specify how derived variables are inferred from
basic variables. We only consider planning tasks whose sets
of axioms are stratifiable. This property ensures a unique
and efficient derivation (Thiébaux, Hoffmann, and Nebel
2005). Let level : D — Ny be a function assigning a level to
each derived variable. It induces a partition { Ay, ..., Amn}
of A into strata where m = max{level(d) | d € D} and
A; = {d < ¢ | level(d) = i} fori = 0,...,m. We call
level a stratification of A if for every a € A with head d and
for every derived variable d’, the following conditions hold:
1) if d’ appears in the body of a then level(d') < level(d),
and 2) if d’ appears negated (i.e., as =d’) in the body of a,
then level(d’) < level(d). The set A is stratifiable if such a
stratification exists. We define A<,, = |J,.,, A;.

Given a basic state s € S(II), the extended state A[s] is
uniquely defined by the standard stratified semantics (Apt,
Blair, and Walker 1988; Thiébaux, Hoffmann, and Nebel
2005). Algorithm 1 computes the values of derived variables
using negation-as-failure. The values of the basic variables
remain unchanged, i.e., A[s](v) = s(v) for all v € V. Ini-
tially, each derived variable d € D is assigned the default
value F'. Then, a fixed-point computation is performed for
each axiom layer A;, in order, to derive the values of the
derived variables D;.

Algorithm 1: Axiom evaluation (Helmert 2006)

Input: State s and { Ay, ...,.A,,} induced by level and A
Output: Extended state A[s]
I: forallv € VUDdo

_ [s(v) ifveV
2 Aplv) = {F otherwise
3: end for
4: for i = 0tomdo
5: while there exists d <— ¢ € A; such that A[s](d) = F
and A[s] = ¢ do
6: Als](d) =T
7:  end while
8: end for
9: return A[s]

We define implication criteria, adapted from Rintanen
(2008), which specify when an effect yields a literal.

Definition 2 (Implication Criterion). Let £ be an atomic ef-
fect and e be an effect. The implication criterion impc(e, £),
under which the atomic effect ¢ is triggered by the effect
e, is defined as: 1) impc(T,¢) = L, 2) impc(4,¢) =
T, 3) impce(¢',¢) = L, if ¢ is an atomic effect with
¢ # ¢, 4) impce(e A €/, £) = impc(e, £) V impce(e’, £), and
5) impc(x > e, £) = x Aimpc(e, £).

We often refer to the conditions of a planning task II,
which are all the formulae appearing in II. That is, each
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Figure 2: Visualization of the running Example 1.

precondition, effect condition, goal condition, or axiom body
is a condition of 11I.

Using implication criteria, we define effect and operator
application, and the resulting successor states, as follows.

Definition 3 (Application of Effects and Operators). Let
s € S(II) be a state, let e be an effect, and let A be a set
of axioms. Applying e in s yields the resulting state s[e],
defined by

T  if Afs] | impc(e,v),
sle](v) =< F if A[s] = impc(e, 7v) A —impc(e, v),
s(v) otherwise.

The resulting state of applying an operator o in s is defined
as sfo] = s[eff(o)]. An operator o is applicable in s if
Als] E pre(o).

We say that two effects e and e’ are equivalent if s[e] =
s[e’] for all states s € S(II). Examples of equivalent effects
includee =vande = w>vaswellase =a> (b c)
and ¢’ = (a A b) 1> c. Given the semantics of a planning task,
we define plans and their associated costs as follows.

Definition 4 (Plan, Optimal Plan, Plan Cost). A sequence of

operators T = (01, ..., 0,) is applicable in a state s € S(IT)
if o; is applicable in s[o1,...,0;—1] forall i« = 1,...,n,
where sfo1,...,0;] = s[o1] - - - [o:]- We denote the resulting

state by s[r]. If s[x] |= +, and each member of 7 is in O,
then 7 is an s-plan. If s is the initial state of II, then 7 is
a plan for II. The cost of 7 is )., cost(o;). A plan 7 is
optimal for a state s if no cheaper s-plan exists. The objective
of satisficing planning is to find a plan for a task II, whereas
optimal planning aims to find an optimal plan.

The following example illustrates planning tasks with ax-
ioms.

Example 1. Consider a planning task IT®*"! modeling an
energy network with four nodes N = {4, B,C, D} (Fig-
ure 2). Nodes A and D have generators. Energy flow is
represented by derived variables D = {eflow-n | n €
N}, and generators at the left and right nodes by basic
variables V = {on-A, on-D}. There are two operators
with cost 1, foggle-A and toggle-D, both with precondition
T and effects (on-A > —on-A) A (—on-A > on-A) and
(on-D > —on-D) A (mon-D > on-D). Energy flow is de-
fined by the following axioms:

ay = eflow-A < on-A as = eflow-D < on-D

a3 = eflow-A < eflow-B a4 := eflow-B + eflow-A

as = eflow-C + eflow-B  ag := eflow-C + eflow-D

Since all axiom bodies are positive, a single stratum suffices,

i.e., level(d) = 0 for all d € D. In the initial state Z, both
on-A and on-D hold, and the goal is to turn off the energy at
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Figure 3: Illustration of the steps for computing delete-
relaxation heuristics for planning tasks with axioms. We
first perform a literal-conjunction transformation (LC) and
then choose one of the following delete relaxations: negation
approximation (NA), cycle approximation (CA), unrolling
relaxation (UR). Computing UR requires an additional
unrolling step U. Next, all axioms are compiled by axiom
elimination (AE) into zero-cost operators, yielding the re-
laxed tasks H;}A, H(J{ A and H[JgR on which we can directly
c%r:npute delete-relaxation heuristics such as A™*, 244 o
h.

node C for maintenance, i.e., 7 = —eflow-C'. The sequence
m = (toggle-A, toggle-D) is an optimal plan.

We focus on heuristic search (Pearl 1984), which is one
of the most successful approaches to optimal and satisficing
classical planning. A heuristic hyy of a planning task Il is a
function Ay : S(II) — R0 U {oo} that estimates the cost
of an s-plan for each state s € S(II).! The perfect heuristic
h* maps each state s to the cost of an optimal s-plan, or to
oo if no such plan exists. A heuristic h is called safe if h(s)
is finite for every state s € S(II) for which an s-plan exists.
A heuristic h is called admissible if it never overestimates
the optimal cost of reaching a goal state, i.e., h(s) < h*(s)
for all s € S(II). We say that an admissible heuristic hq
dominates another admissible heuristic hq, written hy > ho,
if it provides at least as accurate cost estimates as hy for every
state, i.e., h1(s) > ha(s) for all s € S(II).

3 Delete Relaxation

We describe delete-relaxation heuristics as a sequence of task
transformations, as shown in Figure 3. It allows us to obtain
a delete-relaxed planning task relaxed via negation, cycle or
unrolling relaxation. This framework yields delete-relaxed
planning tasks based on negation approximation, cycle ap-
proximation, or unrolling relaxation. Standard classical plan-
ning methods can then be applied to these transformed tasks
to compute heuristics such as h™ and h™*. The described
pipeline and underlying idea are the same as in Thiébaux,
Hoffmann, and Nebel (2005) and Helmert (2006), with the
difference being our novel transformations NA, CA and UR,
which avoid issues present in earlier approaches that can lead
to unsafe heuristics (as we will prove later). The new tasks
consist of new sets of variables, operators and axioms. We
define task transformations and the property of admissibility
as follows.

'We sometimes write h instead of hr; when clear in context.

Definition S (Task transformation, Optimal-Cost Task Trans-
formation, Admissible Task Transformation). A task trans-
formation f is a function which takes as input a planning task
IT=(V,D,0,A,Z,~) and produces a new planning task
fan =1 = (v, D', 0, A,T',~"). We call the task trans-
formation optimal-cost preserving iff h*1, (Z') = h*n(Z)
and admissible iff h*r (Z') < h*n(Z).

Admissible transformations allow us to propagate ad-
missible heuristics from f(II) to II by setting hr(s) =
h¢my(f(s)) when considering s as the initial state. We will
argue that each of the task transformations in Sections 5.1,
5.2, and 5.3 are admissible, while the task transformations
from Sections 4 and 6 are optimal-cost preserving. This gives
rise to the delete-relaxation heuristics hyy, hety and hy.

4 Literal-Conjunctive Form

This section introduces a transformation of planning tasks
with complex conditions, effects, and axioms into a normal
form where all conditions are conjunctions of literals. The
idea is to flatten nested effects and to replace complex condi-
tions with derived variables and axioms that evaluate them.

Definition 6 (Flat normal form). An effect is simple if it is
either an atomic effect or an effect of the form y > e, where
e is an atomic effect. An effect is flat if it is the conjunction
of zero or more simple effects, and none of the simple effects
include the same atomic effect. An operator o is flat if eff (o)
is flat. A planning task is flat if all of its operators are flat.

We now introduce the conjunctive condition normal form.
It characterizes flat planning tasks whose conditions are con-
junctions of literals.

Definition 7 (Literal-Conjunctive Form). A planning task II
is in literal-conjunctive (LC) form if it is flat and all condi-
tions are conjunctions of literals.

Having defined the literal-conjunctive form for a planning
task, we now describe how to transform a given planning task
into an equivalent one in this form. We start by defining a
transformation flat that produces an equivalent flat effect.

Definition 8. For an effect e, the flattening of e is flat(e) =
Nvey (impe(e, v) > v) A A,y (impe(e, 0) > ).

A flattened effect flat(e) is a conjunctive effect consisting
of one conditional effect for each literal £. We can faithfully
replace each effect e in an operator of II by flat(e). This is
because if e makes ¢ true, then impc(e, £) holds in the current
state and thus the conditional effect impc(e, £) > £ triggers.
The same argument holds in the other direction.

Proposition 1. Each effect e is equivalent to flat(e) and
flat(e) is flat.

Next, we turn to the transformation of conditions into con-
junctions of literals. We present two alternative approaches
for this purpose.

Approach One: DNF-based. Conditions are transformed
into disjunctive normal form (DNF). If an action precondition
has multiple terms, each term defines a separate operator. If
an effect condition has multiple terms, each term defines a
separate conditional effect. If an axiom body has multiple



terms, each term defines a separate axiom with the same
head. This approach to handling conditions is used in Fast
Downward (Helmert 2006, 2009) and can incur an exponen-
tial blow-up due to the size of the DNF. While complex goal
conditions could be handled similarly by introducing a new
variable and zero-cost dummy operators, Fast Downward
avoids such operators. If the goal is not a simple conjunc-
tion, it is replaced by a new variable and multiple axioms that
derive it, which are then handled by the DNF-based approach.

Approach Two: Tseitin-based. As a second approach, we
propose a Tseitin-based transformation. Each condition ¢
is converted into negation normal form (NNF). For each
innermost disjunction ¢ = \/!"_; v;, we introduce a new
derived variable d;, replace v by d;, and add axioms d, <
;. This process is repeated until no disjunctions remain.
With A, and D, we denote the set of axioms and derived
variables produced by this process. The transformation is
specified in Algorithm 2 and mimics the well-known Tseitin
transformation (Tseitin 1968).

Algorithm 2: Tseitin-based transformation

Input: ¢
Output: ™" A, D,
1: (steitin = NNF((p)
Ay =10
0 = 0
while there is a subformula v of T of the form 1) =

Y1 V-V, withn > 2, and each v; is a conjunction
of literals do

o

5: 'Dy, = 'Dcp U {d¢}

6: Ay, =A,U{dy < |1<i<n}
7 ()OTseitin = replace(d¢, ’l/), ()OTseitin)

8: end while

9:

return <<)0Tseitin7 A(p’ D¢>

Example 2. Let ¢ = 2 A =(y A —2z) be a precondition of an
operator o. The DNF-based approach transforms ¢ into DNF:
(x A =y) V (x A z), and then produces two copies 01, 02 of
operator o with pre(o1) = x A —y and pre(o2) = = A z. The
Tseitin-based approach transforms ¢ into negation normal
form: z A (—y V z). Then it introduces d-, . with axioms
d—yv> < —y and d—y . < z, and replaces the condition by
x N\ dﬁy\/z.

The LC transformation executes first the flat transforma-
tion on the effect of each operator, then either the Tseitin-
based or the DNF-based transformation on each condition.
We can transform any planning task II into an equivalent
task LC(IT) = II; ¢ in LC form using the LC transformation.
These transformations are by construction optimal-cost pre-
serving. The Tseitin-based approach guarantees a polynomial
transformation, whereas the DNF-based approach can incur
an exponential blow-up. As we will see in the experiments,
in most tasks the condition structure is simple enough that
the naive DNF-based approach is feasible. However, there
are also domains with more complex structures where a naive
transformation to DNF is infeasible.

5 Delete-Free Forms

This section introduces positive planning tasks and presents
three transformations that map planning tasks in literal-
conjunctive form to a delete-free form, which forms the basis
of delete relaxation. Delete relaxation was originally intro-
duced for STRIPS tasks, where it is obtained by removing all
delete effects from operators (Bonet and Geffner 2001). We
generalize this notion to planning tasks with axioms.

Definition 9 (Positive Formula, Delete-Free Effect,
Delete-Free Planning Task). A logical formula is positive
if it does not contain the negation symbol —. An effect is
delete-free if its effect conditions are positive and its atomic
effects do not contain —. A planning task is delete-free if all
its conditions are positive and all its effects are delete-free.

In all three transformations we make use of the follow-
ing idea. For each variable v € V U D, we introduce a new
variable v, called the antagonist of v. The transformations
NA, CA and UR differ by the conditions we impose to infer
the truth values of the antagonists derived variables. Previ-
ous work also introduces antagonist variables at the lifted
level (Gazen and Knoblock 1997), which is used to compile
away negated preconditions and negated effect conditions. In
contrast, we extend this idea to also eliminate negated occur-
rences in axiom bodies. If X is a set of variables we denote
with X the set {Z | € X }. We introduce a transformation
which we use to transform all conditions into their positive
counterparts.

Definition 10 (Antagonist Transformation). Let ¢ € L(V U
D) be a formula in negation normal form. The antagonist
transformation T(¢) € L(V UV UD U D) of ¢ is obtained
by replacing each negative occurrence —z of a variable by z.

We extend the previous definitions to include effects, op-
erators, axioms, plans, and states. If e = /\l(Xz > ¢;) is a
flat effect, then T'(e) replaces each x; > v with T'(x;) > v
and each x; > —wv with T'(x;) &> ©. For an operator o, set
T(0) = (T(pre(0)), T (eff(0)),cost(0)). If a = d + ¢ is
an axiom then T'(a) = d + T(y¢), and if 7 = (01, ...0,),
then T'(m) = (T'(01),...,T(on)). The antagonist transfor-
mation T'(s) of a state s is the map V UV — {F, T} with
T(s)(v) = s(v) and T(s)(9) = —s(v)? for each v € V.

5.1 Negation Approximation

The negation approximation is a transformation that uses the
antagonist transformation to make all conditions positive and
adds trivial axiom rules d <— T for each derived variable d.
Definition 11 (Negation Approximation). Let II =

(V,D,0, A, Z,~) be aplanning task in LC form. The nega-
tion approximation (NA) of II is the planning task given by

VNA—VUV Dna —DUD Ona = {T( ) | (NS O}
Ana = {T'(a )|a€A}U{deT|d€D},INA:T(I),
and yna = T'(7).

Theorem 1. NA is an admissible transformation for all tasks
in LC form.

2We use the convention =T = F and -F = T.



Proof sketch. Let II be a planning task in LC form and

T = <017 ...,0y) be a plan for IT inducing state sequence
(80y---,8n). We argue that T'(7) is a plan for IIya. Let
(8hy -+ n> be the states in Iy, induced by the effects of the

operators in T'(). For each variable v € V U D it holds by
construction that A[s;](v) = T implies Ana[s;](v) = T for
all 0 < ¢ < n. Negative literals in conditions are transformed
into antagonist variables ¥, which are always true in IIya
by construction. Thus, all transformed negative conditions
are satisfied. Hence, for each 1 < ¢ < n operator T(0;) is
applicable in s;_,, and s, = T'(7).

5.2 Cycle Approximation

The negation approximation NA assigns d « T for all de-
rived variables, resulting in a coarse approximation of the
original task. We improve this construction by observing that,
for cyclically independent variables, d can instead be handled
directly while preserving admissibility.

Definition 12 (Cyclic Dependency). A variable d is cycli-
cally independent if there exists a stratification of .A in which
level(d) # level(d’) for all d’ € D\ {d}. A variable that is
not cyclically independent is cyclically dependent.

The previous definition induces a partition of D into
cyclically dependent and independent variables, denoted
by Dep and Ind. For a derived variable d, let unsat(d) =
Nae Ahead(a)=a 7 Pody(a) be a formula which character-
izes when no axiom with head d has a satisfied body. The
following lemma shows that unsat(d) can be inferred di-
rectly for cyclically independent variables. Intuitively, the
lemma shows that since d is cyclically independent, its value
depends only on variables from lower strata. Therefore, its
falsity implies that none of its defining axioms can be satis-
fied.

Lemma 1. Let IT be a planning task in LC form, s € S(II)
and d € Ind. Then A[s](d) = F iff Acjeverq)[s] F
unsat(d).

Proof. 1f A[s](d) = F, then in particular A jevei(a)[s](d) =
F 50 Acjevei(a)[s] = unsat(d). We now consider the
case A[s](d) = T. Choose a stratification of .4 such that
level(d) # level(d') for all ' € D\ {d}, which exists
since d is cyclically independent. Note that since d is in
a single stratum, A[s](d) = T iff there exists an axiom
a € Apvei(q) With head(a) = d and Ajeve(ay[s] =
body(a). In this case, all derived variables v; appearing
in body(a) satisfy level(v;) < level(d). In particular,
we get A jevel(d)[5] (Vi) = A<ievel(a)[s](vi) and therefore
-A<1evel(d) [S] ': body(a). ]

Note that the lemma does not hold if d is cyclically depen-
dent. This observation is not addressed in Helmert (2006),
which leads to unsafe behavior in the delete relaxation of the
Fast Downward heuristic AT (see Theorem 5).

We reuse the Tseitin-based transformation from Section 4
to convert unsat(d) into a conjunction of literals. The derived
variables of the resulting task include D, their antagonists, the
auxiliary variables introduced by the Tseitin transformation

for cyclically independent variables, and their antagonists.
We consider four kinds of axioms: (i) transformed axioms, ob-
tained by applying the antagonist transformation to the origi-
nal axioms; (ii) antagonist axioms for independent variables,
where unsat(d) is encoded using the Tseitin transformation;
(iii) auxiliary axioms, introduced by the Tseitin transforma-
tion; and (iv) antagonist axioms for dependent variables,
which we define as d < T. This encodes the falsity of cycli-
cally independent variables using their antagonist variables,
while cyclically dependent variables are approximated as in
the NA transformation.

Definition 13 (Cycle Approximation). Let II =
(V,D,0,A,Z,7v) be a planning task in LC form. The
cycle approximation (CA) of 11 is the planning task given
by Vea = VUV, Dea = DUDU Udelnd Dunsat(d)

U Uae g Punsat(d)» Oca = {T'(0) | 0 € O}, Aca is the
union of the sets Transformed-A, Antagonist-indep, Aux, and
Antagonist-dep, where Transformed-A = {T'(a) | a € A},
Antagonist-indep = {d <+ T(unsat(d)™"") | d € Ind},
Aux = {T(a) | a € A, forsomed < ¢ € Awithd €
Ind}, and Antagonist-dep = {d + T | d € Dep}. Finally,
the initial state is Zca = T'(Z), and the goal vca = T'(7).

Similarly to NA, cyclically dependent antagonist derived

variables d are assigned trivial axioms d <— T. In contrast to
NA, cyclically independent derived variables d can be false
in the derived state Aca[7T'(s)]. They satisfy the following
property.
Proposition 2. Let II be a planning task in LC form,
s € S(IT) and d € Ind. If Acievei(ay[s] = unsat(d) then
Aca [T(s)](a?) = T. Otherwise, if A jevel(a)[s] [~ unsat(d)
then Aca[T(s)](d) = T.

Combining this property, Lemma 1, which characterizes
the correct handling of falsity for cyclically independent
variables, and the argument of Theorem 1, we obtain the
following result.

Theorem 2. CA is an admissible transformation for all tasks
in LC form.

5.3 Unrolling

The cycle approximation fails to capture the behavior of
cyclically dependent derived variables. To address this, we
first eliminate cyclic dependencies using time unrolling (e.g.,
Behnke, Speck, and Gnad 2025).

For a derived variable d, let cyc(d) denote the set of de-
rived variables d’ € D such that level(d) = level(d') holds
for every stratification of 4. Note that d € cyc(d), so cyc(d)
is never empty. The transformation introduces time-indexed
copies d',...,d <Dl for each derived variable d € D.
Intuitively, d* represents the value of d after ¢ rounds of ax-
iom evaluation affecting variables in cyc(d). Each axiom a
is replaced by a set of axioms unroll(a), and for each de-
rived variable d, an additional linking axiom d < dl<v¢(4)l
is introduced.

In the following definition, replace(x € S, 2, ) denotes
the formula obtained by replacing each occurrence of a vari-
able z € Sin o by z'.
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Figure 4: Axioms created for the cyclically dependent vari-
ables of the task IT¥*"! by the unrolling approach U.

Definition 14 (Unrolling). Let I = (V,D, 0, A, Z,~) be a
planning task in LC form. Let a = d <— ¢ be an axiom. The
unrolling of a is given by

unroll(a) = {d" « replace(z € cyc(d), L, gp)}U
{d" + replace(z € cyc(d), ="', p)
|2 <t <|cye(d)]}.

The unrolling (U) of II is the task given by Vy = V,
Dy=DU{d | de D, 1<t<|cye(d)l}, Oy = O,
Ay = Uye 4 unroll(a) U{d « dl¥<@Dl | d € D}, Ty =T,
and vy = 7.

The result of unrolling a task in LC form is again a task in
LC form and we can apply the cycle approximation to it.

Definition 15 (Unrolling Relaxation). The unrolling relax-
ation UR of a planning task II in LC form is UR(II) =
CA(U(II)).

Since U is optimal-cost preserving and CA is admissible,
we obtain the following result.

Theorem 3. The task transformation UR is an admissible
transformation for all tasks in LC form.

5.4 Examples

Consider the example task ITE*P! (Example 1).

Negation Approximation The negation approximation
NA (ITE*P!) extends the set of basic and derived variables with
Va = VU {on-A, on-B} and Dya = D U {eflow-n | n €
{4, B,C, D}}. It consists of the antagonist-transformed set
of axioms in A and the trivial antagonist axioms 6]%11714 —
T, eflow-B + T, eflow-C + T and eflow-D « T. Its op-
erators are T'(toggle-A) = (T, on-Ap> on-AAon-A> on-A)
and T'(toggle-D) = (T, on-D >on-DAon-Di> on-D). The
initial state is Zyy = {on-A — T,on-A — F,on-B —
T, on-B F}, and its goal yna = e]%w\-C'.

Cycle Approximation The cycle approximation

CA(ITE*) differs from NA (ITE*P!) only in its antagonist ax-
ioms. Note that eflow-A € cyc(eflow-B). Accordingly, the

antagonist axioms become eflow-A < T, eflow-B < T,
eflow-C < eflow-B A eflow-D, and eflow-D < on-D.

Unrolling Relaxation The unrolling relaxation addresses

the issue that the axioms ej%w\—A + T and ej%w\-B — T
do not capture the semantics of —eflow-A and —eflow-B in
IIE*P!, This is achieved by first constructing U(IT®*P"), which
compiles away the cyclic dependency between eflow-A and

eflow-B via the unrolling shown in Figure 4. Finally, the
unrolling relaxation computes CA on top of U.. of U. Here, instead

of the tr1V1al axioms eﬂow A+ T, eﬂow B Bl T, we

obtain eflow- flow-A eflow- low-A2 and e]%w\B + eflow- low-B2.
The costs of the optimal plans are

0 - h/ik_[ﬁxp] (INA) < hHEXp] (ICA) < hHExpl (IUR) - 2.

6 Axiom Elimination

In the final step of the pipeline, we take a negation-free plan-
ning task and compile its axioms into zero-cost operators.
That is, each axiom d < ¢ € A is converted into an operator
(p,d,0). The idea of compiling axioms into operators was
introduced by Thiébaux, Hoffmann, and Nebel (2005) in the
context of the AFF heuristic, where it was used as an admissi-
ble approximation. In contrast, we show that for negation-free
planning tasks, this transformation is an optimal-cost preserv-
ing transformation. Axioms differ from zero-cost operators in
two major ways. First, axioms follow the negation-as-failure
semantics, where on each state, all derived variables are set
to F' and then have their truth values updated according to
Algorithm 1. Second, axioms must be applied in a fixed-point
computation, while the application of operators is optional.
We show that for negation-free planning tasks, this makes no
difference. After compiling axioms as zero-cost operators we
may compute any delete-relaxed heuristic for tasks without
axioms in the usual way.

Definition 16 (Axiom Elimination). Let II =
(V,D,0, A,T,~) be anegation-free planning task. The ax-
iom elimination (AE) of I1 is the task given by Vag = VU D,
Dae = 0, Oag = O U {(body(a),head(a),0) | a € A},
Aag = 0, Zag(v) = Z(v) forv € V, Zag(d) = F ford € D,
and YA = 7.

Theorem 4 (Axiom Elimination Theorem). The axiom elim-
ination is an optimal-cost preserving transformation for all
negation-free tasks.

Proof sketch. Fix a negation-free planning task II =
(V,D,0,A,Z,~). For a state s € S(II) let t(s) =
(a1, ...,amy) be the trace of axioms in Algorithm 1. That
is, t(s) is the sequence of compiled axioms (zero-cost op-
erators) that fire when using this algorithm. We show that
hﬁ (I) > hEAE (IAE) and that hi‘i[ (I) < hlinAE (IAE)

* Proof that hf;(Z) > hyy, (Zag):
Let # = (01,...,0,) be an optimal plan in IT. We con-
struct an Zag-plan wag with cost(mag) = cost(w). The
plan 7 induces a list of states (so, s1,...,S,) Where
Sit1 = Sifoi41] for i = 0,...,n — 1. By the defi-
nition of ¢ and IIxg we immediately get that mag =
(t(s0),01,t(81) ... 0n,t(8y)) is a plan for ITzg. Since
each each axiom is treated as a zero-cost operator, we
get cost(IIag) = cost(m) as desired.

* Proof that hf;(Z) < by, (Zar):
Let mag be an optimal plan in I15g. We construct a plan 7
with cost(m) = cost(mag). First, we define an axiom sec-
tion S as a (possibly empty) list of compiled axioms. This
allows us to split mag into o = (S0, 01, 51, - - -, On, Sn)-
Note that each member of Sy is also in #(sp).



1 (define (domain ffx-unsolvable)
2 (:requirements :strips

3 :derived-predicates

4 :negative-preconditions)
5 (:predicates (v) (p) (q) (r))
6

7 ; not v -> p <-> g <-> r

8 (:derived (p) (not (v)))

9 (:derived (p) (q))

10 (:derived (q) (p))

11 (:derived (r) (q))

12 (:derived (qgq) (r))

13

14 (:action set-v

15 ceffect (v)

16 )

17 1)

1 | (define (problem P)

2 (:domain ffx-unsolvable)

3 (:init (not (v)))

4 (:goal (not (r)))

51

Figure 5: PDDL files illustrating a case where hY (Z) = oo
although a plan exists.

Therefore, since II is negation-free, the sequence
(t(s0),01,51,02,52,...,0,,Sy) is also an optimal plan
for IT5g. With a straightforward induction argument, it fol-
lows that (¢(s0), 01,t(so[01])s - - - on, t(s0f01, - - - 0n]))
is an optimal plan for IIsg. In particular, this means that
7 := (01, ...0,) is a plan with the same cost as TAE.

7 Comparison to Other Approaches

We conjecture that the unrolling relaxation heuristic hng
yields the same heuristic function as the three-valued heuris-
tic h;rVL of Ivankovic and Haslum (2015). While initially
surprising, the intuitive explanation is as follows: in Ay, ,
starting from a relaxed basic state, the values of the derived
variables can take three possible values: true, false, and un-
known. If a derived variable d is true in the thL approach,
this corresponds in our transformation to d being true and its
antagonist d being false. Similarly, if d is false in the h3VL
approach, it means in our framework that d is false and its

antagonist d is true. Finally, if d is unknown in hiy.. this
corresponds to both d and d being true.

Conjecture 1. The heuristics iy and k3, are equivalent,
i.e., hix(s) = hiy(s) for each task IT and state s € S(IT).

We now show that other delete relaxations from the liter-
ature are incomparable to ours, as they can produce unsafe
heuristic estimates. Specifically, these relaxations can assign
an infinite cost to a state s even when an s-plan exists. This
observation extends directly to the practically computed ver-
sions of these heuristics, namely A™** and KEFF

Theorem 5. The delete relaxation presented in Helmert
(2006) yields heuristics that are not safe.

Proof. In Helmert (2006), a derived variable d in the delete
relaxation can take on negative values (here represented by

d) based on the transitions in the extended domain transi-
tion graph.? Such transitions are induced by the negation
of the axiom bodies that make d true. This is identical to
the approaches we presented, but it does not address cyclic
dependencies by unrolling or trivially setting them to true.
Thus, when considering the planning task IT¥*"' from Ex-
ample 1, we obtain for the goal variable of the delete re-

laxation e]%w\-C the following transition to make it true:
e]%w\-C — e]%w\-B A ej%w\-D. For e]%w\—B to be true,
we have the transition e]%w\-B — ej%w\—A. So, for the goal
e]%w\C in the delete relaxation e]%w\A has to be true,
which has the transition eflow- flow-A + on-A/ on-A A eﬂow B. We
see that for eﬂow B to bec become true, eﬂow A must be true,

—

and vice versa: for eﬂow—A to become true, eflow-B must
be true. However, in the initial state, where eflow-A and

eflow-B are true, both ej%w\-A and eflow-B are false. Thus,

since eflow-A and eflow-B are dependent on each other,
they can never become true in the delete relaxation. Hence,
the delete relaxation has no plan, although the original task
has one, from which it directly follows that AT based on this
approach is not safe. O

A similar unsafe behavior occurs in the FFX planner
(Thiébaux, Hoffmann, and Nebel 2005). In the FFX plan-
ner, antagonist variables are introduced, and the task is trans-
formed into positive normal form by adding axioms that infer
the truth values of the antagonist-derived variables. However,
the implemented method breaks down when a variable has
more than one other variable that is cyclically dependent on it.
In particular, FFX can report tasks to be unsolvable because
the A} heuristic returns oo for states where h*(s) is in fact
finite. One such PDDL instance is depicted in Figure 5.

8 Experiments

We implemented our delete relaxation approaches in Fast
Downward (Helmert 2006), computing h™* (Bonet and
Geffner 2001) for optimal and AfF (Hoffmann and Nebel
2001) for satisficing planning. Our benchmark set includes
domains with axioms and conditional effects (e.g., Thiébaux
and Cordier 2001; Kominis and Geffner 2015; Miura and
Fukunaga 2017; Borgwardt et al. 2022; Bofill et al. 2023), in-
cluding IPC 2004 domains (Hoffmann and Edelkamp 2005).
All experiments use a time limit of 30 minutes and 3.5 GB
of memory per run. Our code and data are available online
(Petit et al. 2026).

We want to highlight that, beyond heuristic search, other
planning approaches support axioms as well: symbolic search
(Speck et al. 2019; Speck, Seipp, and Torralba 2025), SAT-
based planning (Behnke, Speck, and Gnad 2025), and ASP-
based planning (Miura and Fukunaga 2017; Dimopoulos et al.

3For consistency, we present the result using antagonist vari-
ables for the delete relaxation, although in Helmert (2006) this is
handled by allowing variables to have multiple values (true or false).
Conceptually, this makes no difference for our argument.



Tseitin LC DNF LC IH 2015

Domain pplind pmax pmax pmax pblind pmax pmax pmax pmx pmax uns.

Blocker (9) 7 7 6 6 7 7 7 6 6 5 Lo 107 8
Blocks (105) 54 54 54 54 54 54 54 54 52 33 82
Collab (3) 303 3 3 1 1 1 1 1 1 10 3
GED (266) 16 16 16 16 16 16 16 16 16 12 o 107 o
Ghosh-Etal (107) 4 14 14 14 16 15 15 15 7 2 5, k
Grid-Axioms (5) 1 3 3 3 1 3 3 3 2 1 < 10 Ei
Horn-DL (271) 226 225 223 230 230 228 227 230 208 98 s< 103 .
Miconic-Axioms (150) 55 55 55 55 60 60 60 60 55 45 = 3
Muddy (12) 9 9 9 9 2 2 2 2 2 2 = 10
Opt-Telegraphs (48) 2 2 2 2 2 2 2 2 2 1 £ 10! E
Philosophers (48) 5 5 5 5 5 5 5 5 5 3 = 100 3
PSR (100) 48 48 48 43 50 49 49 48 46 24

Snowman (51) 27 29 29 29 26 29 28 29 26 6 0@ 011112131 (A1 (51 G1AT
Social-Planning (2) 2 2 2 2 2 2 2 2 2 1 0 10710°10°10°10°10°10°10" uns.
Sokoban-Axioms (30) 24 27 27 27 24 27 27 27 21 5 B (= )

Sum (5) 304 4 4 1 1 1 1 1 1

Word-Rooms (5) 5 5 5 5 2 2 2 2 2 0 x pblind o pRax . pmax ., pmas
Sum (1217) 501 507 505 507 499 503 501 506 454 240

Figure 6: The number of solved tasks (left) and a comparison of the necessary node expansions (right) for A* using the hP!ind

and h™™ heuristics computed with different delete relaxations. In the table, we report results using both a Tseitin-based and

a DNF-based variant for transforming a planning task into literal-conjunctive form, which is required for our heuristics hgy*
(negation approximation), h3* (cycle approximation), and A{jg* (unrolling). The heuristics h3y;} (three-valued logic) and h5h

(answer-set programming) are taken from Ivankovic and Haslum (2015) and executed using their planner.

2019). While these approaches show strong empirical results, Lazy Greedy + Pref. Ops. FFX
here we compare against other heuristic search methods to D ; pFE pFE  pFE pFE pFF  pFF JEF
evaluate whether we improve over existing approaches within omain NA CA UR_NA cA UR X
the same paradigm. Sum (900) 640 692 687 674 718 720 400

We use the following optimizations for CA and UR. First,
when computing each unsat ()", we make use of for-
mula caching to reduce the number of new axioms. Second,

Table 1: The number of solved tasks for lazy greedy search
(with and without preferred operators) using the 2F heuristic

to speed up the computation of cyclic dependency checks, computed \fv%th our del.ete relaxa.tlons. (we only report lggsults
we stratify tasks using the max strategy.* Under this stratifi- for the Tseitin-based literal-conjunctive form). The hx" con-
cation, cyclic dependencies can be identified by d’ € cyc(d) figuration runs the FFX ]E%anner.’ which implements enforced
iff level(d) = level(d’). Third, antagonist derived variables hill-climbing with the " heuristic.
and antagonist axioms are only introduced when needed.
8.1 Optimal Planning than the DNF-based transformation. However, in the Miconic-
) ) Axioms domain, all DNF-based variants solve more tasks
We use A™ (Hart, Nilsson, and Raphael 1968) with A™* than their Tseitin-based counterparts. In this case, the con-
(Bonet and Geffner 1999) under different delete relaxations: ditions are simple enough to be handled efficiently without
R, ey’ and A", As a baseline, h*"™ returns the minimal additional encoding, whereas the introduction of many de-
operator cost in non-goal states and zero otherwise. We com- rived variables incurs unnecessary overhead. Overall, h{Ja*
pare against /u3yy and higp (Ivankovic and Haslum 2015), and h23* achieve the best coverage. However, in some do-
and evaluate both Tseitin and DNF-based transformations mains (e.g., PSR), their computational overhead outweighs
into LC form.> their benefits, and simpler heuristics, including "¢, per-
Figure 6 reports coverage. The table shows the number of form better. Finally, the plot in Figure 6 shows that the neces-
solved tasks for each domain (with some rows aggregating do- sary node expansions of A1 and h%% are identical, which
mains by topic), as well as the overall coverage of the differ- supports our conjecture of equivalence and the established
ent approaches. We first observe that the Tseitin-based trans- dominance relations between the various delete relaxations.

formation into LC form generally performs slightly better
8.2 Satisficing Planning

“In Fast Downward, this is enabled with the command

——translate-options —-layer-strategy max. We use lazy greedy search with A" (Hoffmann and Nebel
5The implementation of (Ivankovic and Haslum 2015) relies on 2001), both with and without prg};ferreF(li: Operatolgg (Roger an_d
a version of Fast Downward with a translator bug. We patched this Helmert 2010), and evaluate hyy, hcy, and hyg under unit

issue to ensure a fair comparison. costs. Results are compared against the FF-X planner using



hYE (Thiébaux, Hoffmann, and Nebel 2005). The Snowman
and GED domains are excluded, since FF-X does not support
action costs, to ensure a fair comparison.

Table 1 shows coverage using Tseitin-based transformation
into LC form. The use of preferred operators significantly
increases the number of solved tasks. FFX encounters transla-
tor/parser issues in one domain on verifying systems (Ghosh,
Dasgupta, and Ramesh 2015), so these results should be
interpreted with some caution. Nevertheless, FFX has the
highest coverage in the optical telegraph domain, while our
new methods yield the highest coverage in all other domains.

9 Conclusions

We introduced three delete relaxations based on task trans-
formations for classical planning with axioms. Theoretically,
we conjecture that one matches the optimal delete-relaxation
heuristic of Ivankovic and Haslum (2015), yielding a hier-
archy that relates our approaches to existing methods based
on three-valued logic and answer-set programming. Empir-
ically, the resulting h™® and hFF variants achieve strong
performance in both optimal and satisficing planning. One
advantage of our approach is that it is realized entirely as
a task transformation that compiles away axioms. As a re-
sult, once the transformation has been applied, the standard
delete-relaxation heuristics such as ht, hMax padd apd {FF
become immediately applicable without requiring modifica-
tions. For future work, we plan to study other heuristics, such
as landmark heuristics (e.g., Helmert and Domshlak 2009;
Richter and Westphal 2010; Biichner et al. 2023), and extend
delete-relaxation heuristics to lifted planning with axioms.
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