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Abstract

There are uncountably many potential heuristics for a given
classical planning task and a given set of features. However,
if two potential heuristics are sufficiently similar they do not
change the behavior of the search algorithm that uses them.
For many satisficing planning approaches two heuristics are
sufficiently similar if they provide the same weak ordering of
the states.

In this work, we categorize all potential heuristics of a given
task and set of features into equivalence classes. We show that
each equivalence class contains one potential heuristic with a
representation size polynomial in the number of features.
This shows that a non-deterministic Turing Machine is able
to guess a potential heuristic from such an equivalence class
in polynomial time and closes a small theoretical gap for
the complexity of heuristic synthesis for satisficing classical
planning Helmert et al. (2022) left.

Introduction

Satisficing classical planning is interested in reachability in
a factored transition system induced by a compactly encoded
problem description.It ignores the cost and length of the plan
but optimizes only for search time. Most solvers partici-
pating in the satisficing track of the International Planning
Competition use heuristic search.

Potential heuristics (Pommerening et al. 2015) are a flex-
ible way to represent heuristics for classical planning. Many
approaches for the synthesis of potential heuristics have
been investigated (Pommerening et al. 2015; Seipp, Pom-
merening, and Helmert 2015; Seipp et al. 2016; §tolba,
Fiser, and Komenda 2016; Frances et al. 2019). Recently,
Helmert et al. (2022) looked at the complexity of synthesis
of potential heuristics with special properties desirable for
satisficing planning. These properties are implied by sim-
ple constraints. Helmert et al. (2022) restricted their results
to the synthesis of compact heuristics. They used this re-
striction to allow polynomial guessing. We show that this in-
duces no real restriction, because for each potential heuristic
there is a compact one that is equivalent for their purposes.

Overview

First, we provide the necessary background. Afterwards, we
define the equivalence classes of potential heuristics (Defi-
nition 4). Then, we show that each equivalence class has a

compact representative (Theorem 10). We discuss the com-
plexity results of Helmert et al. (2022) that are restricted to
compact classes and show that this restriction can be relaxed
to succinct classes (Theorem 15-17). Additionally, we show
that many relevant classes are succinct (Theorem 19).With
that we strengthen the results of Helmert et al. (2022) for
the complexity of heuristic synthesis for satisficing classical
planning (Corollary 23-25).

Background

For a compactly encoded planning task each state in the tran-
sition system is a full assignment of the state variables to
their respective domain values. The set of state variables
V = {v1,...,v,} and their finite domains dom(v;) in-
duce a variable space V, with a representation size LV =
i |dom(v;)|. We require a planning task to be encoded
in a way that allows a quick successor generation i.e., an
algorithm exists that generates all successors in time poly-
nomially in the representation size of the task.

Heuristics

Detecting reachability in this setup is hard, especially for
planning tasks with many state variables or many successors
in individual states. To reduce search time, we use guidance
that estimates how promising a given state is. We represent
this guidance as a heuristic function A for the planning task
IT that maps each state of II to a value in R U {oo}, where
smaller values represent more promising states. Note, that
we allow the heuristic to map onto negative values in this
work which is often not the case.

Potential heuristics are a class of heuristics introduced
by Pommerening et al. (2015). A potential heuristic is a
heuristic that is computed with a weighted count of the par-
tial assignments (called features) that agree with the given

state.
WP (s) = X yepw(f) - [f C 8]

where P is the set of all possible partial assignments for
the task, [f C s] is in the Iverson bracket notation, and
w(f) € RU{oo} is the weight for the partial assignment
f. In practice most of the weights are 0. The dimension of a
potential heuristic is maxcp ()20l f|. Potential heuristics
of small dimension with small weights are quick to evaluate
but finding good weights that make the potential heuristic
informed is complex.



Equivalence Classes

In satisficing planning algorithms like simple hill-climbing,
the exact heuristic value of a state is not of importance, but
only the comparison to other states. A heuristic &’ that is a
positive scaling of h, meaning h’(s) := c-h(s) withc € R
causes the same behavior in the algorithm. There are other
changes possible that guarantee to not affect the behavior as
long as the heuristics A’ and h are qualitative equivalent.

Definition 1 (Weak-Order Equivalent Heuristics). We call
heuristics & and A’ on planning task IT weak-order equiva-
lent if for any two states s, s’ € IL it holds h(s) > h(s’) iff
h'(s) > h'(s).

Definition 2 (Sign Equivalent Heuristics). We call heuristics
h and k' on planning task II sign equivalent if for any state
s € ITitholds h(s) > 0iff '(s) > 0

Definition 3 (Infinity Equivalent Heuristics). We call
heuristics ~ and 2’ on planning task IT infinity equivalent if
for any state s € I it holds h(s) = oo iff A/(s) = oo.

Definition 4 (Qualitative Equivalent Heuristics). We call
heuristics A and A’ on planning task II qualitative equiv-
alent if they are weak-order equivalent, sign equivalent and
infinity equivalent.

The qualitative equivalence is clearly an equivalence rela-
tion (it is reflexive, symmetric and transitive). It induces the
equivalence classes we consider.

For potential heuristics we are interested in changes to the

non-zero weights that preserve the equivalence class. In the
following we often indicate the original heuristic with A°
and its equipotent reduction with A". For a potential heuris-
tic h, we define the set of features with non-zero weights
F(h) :={f e P[w(f) #0}.
Definition 5 (Equipotent Reduction). Let 2° and h" be po-
tential heuristics on planning task IT with weight function w®
and w" respectively. We call h™ an equipotent reduction of
he if they are qualitative equivalent and F'(h") C F(h°).

The equipotent reduction is clearly a transitive relation-
ship.

Encode Equipotent Reductions as Linear Program

For a potential heuristic h°, we define a linear program
L(h°) with a set of constraints where each element @ of the
solution space represents a weight function w such that the
corresponding potential heuristic is an equipotent reduction
of h°.

Similarly to F'(h), we define Fj,(h) :== {f € P | w(f) &
{0,00}} and Fy(h) := {f € P | w(f) = oc}. In order
to represent a potential heuristic as a single vector v, we
choose an arbitrary order idx : Fy,(h) — {1,...,|Fm(h)|}
for the partial states in Fj,(h) and define the vector @ €
RIF (M1 with 0 [idx(f)] = w(f) for each f € Fj,(h). For
simplicity, we sometimes write f instead of idx(f) when
clear from the context.

To extract the weight function w from such a vector w
we set

00 if f € Fiy(h°)
w(f) = { W] if f € Fu(h)

0 otherwise.

By definition h° is a potential heuristic, thus there exists a
weight function w® such that h°(s) = 3= ;cp w°(f)-[f C s]
for each state s of task II. We know that for each equipotent
reduction h of h° all weights w(f) with f € P\ F(h°)
are zero. Therefore, the sum can be reduced to h(s) =
> rermneyw(f) - [f C s]. For states with h°(s) = oo we
can reduce the sum to h(s) = 3 e oy w(f) - [f € 5]
and for states with h°(s) # oo we can reduce the sum to

ho(s) = ZfeFﬁ,,(ho) w(f)-[f C s

Encode Infinity Equivalence The way we extract the
weight function w from the vector W enforces the infin-
ity equivalence. This also partially captures the sign equiv-
alence and the weak-order equivalence, namely for those
states where h°(s) = oo. Thus, we do not have to add con-
straints about such states.

Encode Sign Equivalence To enforce the sign equiva-
lence we add the linear constraint

Z W[f]-[fCs]>1 1)
FEFu(ho)

for each state s with co # h°(s) > 0.
To prevent inequalities that would violate the sign equiv-
alence we add the linear constraint

Z W[f]-[f s <0 (2)
fE€Em(he)
for each state s with h°(s) < 0.

Encode Weak-Order Equivalence To enforce the in-
equalities necessary for the weak-order equivalence we add
the linear constraint

Yo B =1+ Y WS
fEFjin(he) fEFjn(he)

for each pair s, s with co # h°(s) > h°(s’).
To prevent inequalities that would violate the weak-order
equivalence we add the linear constraint

>, ] >, @l
fEFm(h?) fEFm(h?)

for each pair s, s’ with h°(s) # h°(s') # co.

If €573

qfCs< fcs] @

Encode Bounds The solution space is unbounded. To
cover that we add the linear constraints

WIf] - sign(w[f]) > 0 5)

for each f € Fj,(h°), and optimize in the direction of —wb

to force the sign of w[f] to be the same as the sign of ﬁ[f]

or 0. This implies that 0 is a basic solution and optimal if it
is feasible. With that the construction of L(h°) is complete.

Clearly, each solution 0 encodes an equipotent reduction
h" of h°. However, we have to reason that the solution space
is not empty.

Lemma 6. For each potential heuristic h° the solution space
of L(h°) is not empty.



Proof. In the special case W € R? = {e}, i.e. all weights of
he are in {0, oo}, we have the empty vector € as a solution.
Otherwise, we prove this by constructing a solution. If

wj is not in the solution space, there has to be at least one
constraint C' that is violated. By construction, C' is not one
of the constraints from (2) nor (4) nor (5). If C' is a con-
straint of the form (1) that encodes the sign equivalence,
then there must be a state s where 1 > h°(s) > 0. In that
case we define § := h°(s). Otherwise, C is a constraint of
the form (3) that encodes the necessary inequalities for the
weak-order equivalence and there must be a pair of states
s,8" with 1 > h°(s) — h°(s’) > 0. In that case we define
§ := h°(s) — h°(s’). In both cases we consider the scalar

multiplication % -w?. This result satisfies all constraints that

j

w? satisfies and additionally C. As there is a finite number
of constraints we can repeat this process finitely often until
all constraints are satisfied. O

From the fundamental theorem of linear programming we
know that if a solution exists, then there exists an optimal
solution on a corner of the solution space (Thie and Keough
2008).

A corner of our solution space is the intersection of (at
least) | Fj,(h°)|-many constraints. We chose an arbitrary op-
timal solution on a corner and call the set of (tight) con-
straints that induce this corner C(h°) (if there are more
than |Fj;,(h°)| constraints, we choose arbitrary |Fj,(h°)|-
many linearly independent ones). Changing the constraints
of C(h°) from non-strict inequalities to equalitiesAEroduces

a system of linear equations of the form AT = b that we
call E(h°). Note that A € {1,0, —1}Fin(h*)>x[Fu(h)] and
— . o

b € {0, 1}

Compact Representative

A potential heuristic has a weight from R for each partial
state. For some values of R it is impossible to represent them
in finite memory. This raises the question whether there is an
equipotent reduction i” of an arbitrary potential heuristic i°
with weights in R such that all weights from A" are compact.
In this case compact means polynomial in the number of
weights. The answer is yes.

Hadamard’s inequality (Hadamard 1893), the Laplace ex-
pansion (Laplace 1772), and Cramer’s rule (Cramer 1750)
collectively imply that the system of linear equations E'(h°)
has a compact solution. For a modern presentation of these
classical concepts, we refer to Horn and Johnson (2013).

With Hadamard’s inequality we bound the determinant.

Lemma 7. If A € R"*", each entry of A is of absolute
value at most m and n > 0, then |det(A)| < m™ - n"/2

Proof. Consider Hadamard’s inequality
|det(A)| < H:‘L:1||ai\|2

where a; is the i-th row of A. We know ||a;||2 < /n - (m?2),
thus |[det(A)| < ((n-m?)V/2)» = m™ . nn/2, O

This is a tight bound, i.e. for some matrices this is an
equality. One special case of it is particularly useful for us.

Corollary 8. If A € {1,0,—1}"*" and n > 0, then
|det(A)| < n"/2.

We consider the Laplace expansion (or cofactor expan-
sion),

det(A) = 37, (1) - A[i, j] - det (A ),

j=1
where A[i, j] is the entry at row ¢ and column j in A, and
A; ; is the submatrix of A created by removing row ¢ and
column j. It follows that the determinant of an integer matrix
is an integer.

Corollary 9. If A € Z"*", then det(A) € Z.

With that we can use Cramer’s rule to show that each
equivalence class has a compact representative.

Theorem 10. Each potential heuristic A® with n non-zero
weights on a planning task II has an equipotent reduction
h” where each finite weight from hZ is in Z and of absolute
value at most n"/2.

_>
Proof. We know that a solution to AZ = b from E(hR)
induces an equipotent reduction of h=¥.
We consider Cramer’s rule:

~ det(A)
fori € [1,n)] whelf> A; is the matrix A but with the i-th col-
umn replaced by b . From Corollary 9 we know det(A4;) is

an integer. The weight vector w@ [f] == %ﬁ;‘()fﬂ for all

features in Fj,(h®) induces an equipotent reduction hQ of
h®. Next, we consider the alternative weight vector 1117 [f] =
w@[ f] - det(A). Since this corresponds to a positive scaling
of the equipotent reduction of h® induced by w?, the weight

vector w” induces an equipotent reduction of h¥, too. From
Corollary 8, we know that det(A4;) < n"/2, By definition,
w(f) = det(Auys)) for all features in Fj,(h®). Thus,

each finite weight of h” induced by w” has absolute value at
most n"/2. O

The question of existence of a compact solution for
E(h®) can be answered positively by referring to Bottesch
et al. (2020). However, their bound is n! instead of n™/2 and
therefore less tight.

Discussion

Helmert et al. (2022) investigated the complexity of the syn-
thesis of potential heuristics with properties desirable for
satisficing planning. In their work, they considered different
classes of potential heuristics.

Similarly to Helmert et al. (2022), we define the represen-
tation size of a potential heuristic h with weights in ZU {oco}
as ho = |F(h)| - maxgerqn(|f] + Nogs(lw())] + 2),
with the special case log,(0c0) = 1 i.e. we can represent
oo with a special symbol. We define the representation size
of a planning task LIl to be at least the total number of
atoms. Different but polynomially equivalent encodings of



potential heuristics and planning tasks would not change the
complexity results.

Definition 11 (Potential Heuristic Class (Helmert et al.
2022)). A potential heuristic (PH) class C is a function
that maps any planning task IT to a family C(IT) of potential
heuristics on IT, where h € C(II) can be tested in polynomial
time in Lhu and LIT..

Definition 12 (Helmert et al., 2022, Def. 2).
SYNTHESIS(P,C) is the following decision problem:
given a planning task II, does there exist a potential
heuristic hP** € C(IT) that has property P for I1?

For many of their membership results, they restrict them-
selves to compact PH classes.

Definition 13 (Compact Class (Helmert et al. 2022)). A PH
class C is compact if there exists a polynomial p with LA <
p(LI1,) for each task IT and each heuristic h € C(II).

This requirement is quite strict. Motivation for their re-
striction to compact PH classes is the idea of quickly “guess-
ing” a potential heuristic with the property if one exists.
Such a quick guess is only possible if we can exclude the
edge case that all correct guesses have a too large represen-
tation size. Here, “quick” means polynomially in the repre-
sentation size of the task.

However, it is not necessary that all heuristics in one PH
class have a polynomially bounded representation size. It is
sufficient if it is guaranteed that one with the considered
property exists. Then we can still quickly guess a correct
one. For this, we define a new type of PH classes based on
qualitative equivalence, since all properties considered by
Helmert et al. (2022) for synthesis either hold for each or no
heuristic of the same equivalence class.

Definition 14 (Succinct Class). A class is succinct if there
exists a polynomial p such that for all tasks IT and h € C(IT)
there is an b’ € C(1I) that is qualitative equivalent to h with
Lh o < p(LI0Y).

Their results on compact PH classes extend to succinct
PH classes, because in both we can guess a correct member
in polynomial time. With that, we can strengthen some of
their synthesis membership results. We list the theorems we
extend from Helmert et al. (2022) here.

Theorem 15 (extends Helmert et al. (2022), Thm. 4).
SYNTHESIS(DDA,C) € PSPACE for all succinct PH
classes C.

Theorem 16 (extends Helmert et al. (2022), Thm. 7).
SYNTHESIS(SDDA,C) € PSPACE for all succinct PH
classes C.

Theorem 17 (extends Helmert et al. (2022), Thm. 9).
SYNTHESIS(VDDA,C) € X% for all succinct PH classes
C.

In their work they specifically considered PH classes with
bounded feature size.

Definition 18 (Helmert et al., 2022, Def. 3). For & €
Np U {00}, C* denotes the PH class that allows all potential
heuristics of dimension at most k. (In particular, C* imposes
no restrictions.)

With the results we presented in the previous section, we
see that for finite & these classes are succinct.

Theorem 19. For k € Ny, C* is a succinct PH class.

Proof. For each heuristic h € CF(II) of any task II the
amount of non-zero weight features is bounded by the num-
ber of k-sized features i.e. LV_F. By Theorem 10, there is
a heuristic A’ that is qualitative equivalent to h where the
largest absolute value for each finite feature weight of A’ is

bounded by LY RVt
With that, we see Lh'. < VR (k +

[logQ(LVJk'LVJk/Q)] + 2). We conclude (b5 €
O((k + 1) - LV2**2). Thus, for each k& € Ny, there
is a degree 2k + 2 polynomial p € O((k + 1) - LV 2F+?)
with LA/ 5 < p(LV1) < p(LI1) for each task II. O

Next, we list some hardness results from Helmert et al.
(2022). With these and the ones we just established we can
provide novel completeness results.

Theorem 20 (Helmert et al., 2022, Thm. 5).
SYNTHESIS(DDA, C*) is PSPACE-hard for all k € N;.

This result is not explicitly stated in their work but im-
plicitly covered by their discussion after Thm. 5. There they
focused on C! and C? as it was an open problem at that
time whether solvable planning tasks exists where no DDA
heuristic in C* exists for & > 3. That this is the case for each
k € N was later shown by Dold and Helmert (2024). How-
ever, their argument works for each C* if a solvable task IT’
with no DDA heuristic in C¥~! exists.

Theorem 21 (Helmert et al., 2022, Thm. 7).
SYNTHESIS(SDDA, C*) is PSPACE-hard for all k € Nj.

Theorem 22 (Helmert et al., 2022, Thm. 10).
SYNTHESIS(VDDA, C*) is 35 -hard for all k € Nj.

Conclusion

With the concept of qualitative equivalence and succinct
PH classes we were able to extend the membership results
of Helmert et al. (2022) from compact classes to succinct
classes. This is in itself a minor step. With the LP encod-
ing for equipotent reduction we showed that the PH class
C" is succinct. The combination of these two steps provides
completeness results that were previously unavailable. We
conclude with the completeness results that emerge.

Corollary 23. SYNTHESIS(DDA,C*) is PSPACE-
complete for all k € Nj.

Proof. Follows by combining Theorems 15, 19 and 20. [

Corollary 24. SYNTHESIS(SDDA,C*) is PSPACE-
complete for all £ € Nj.

Proof. Follows by combining Theorems 16, 19 and 21. O

Corollary 25. SYNTHESIS(VDDA, C¥) is X5-complete for
all k € Nj.

Proof. Follows by combining Theorems 17, 19 and 22. [
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