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B9. Sets: Countability Countable Sets

Comparing Cardinality

From Chapter B8 we know:
|Al < |B|: Set A has a smaller cardinality than set B
if there is an injective function from A to B.

|Al = |B|: Two sets A and B have the same cardinality
if there is a bijection from A to B.

|Al < |B|: Set A has a strictly smaller cardinality than set B
if |A| <|B| and |A| # |B].

» This clearly makes sense for finite sets.

» What about infinite sets?
Do they even have different cardinalities?
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B9. Sets: Countability Countable Sets

Countable and Countably Infinite Sets

Definition (countably infinite and countable)
A set A is countably infinite if |[A| = |Np|.

A set A is countable if |A| < |Np|.

Every finite set is countable. Why?

» We can count the elements of a countable set one at a time.

» The objects are “discrete” (in contrast to “continuous”).
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B9. Sets: Countability Countable Sets

Countable Sets

Theorem
If a set A is countable, then it is either finite or countably infinite.

Proof.
If Ais countable, then there is an injective function f : A — Np.

If the image img(f) of f is finite, then A is finite because f maps
distinct elements of A to distinct elements of img(f).

Otherwise, consider the elements of img(f) in increasing order

ng < ny < ny.... For each nj, there is exactly one a; € A with
f(a;) = nj: from n; being in the image we know there is at least
one such aj; from f being injective, we know it is at most one.
Thus, g(a;) = i is a bijection from A to Ny.

A countably infinite set A cannot be finite because if there is a
bijection h : A — Ny, then h™! is injective and must map distinct
natural numbers to distinct elements from A. O
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B9. Sets: Countability Countable Sets

Set of Even Numbers

» even={n|neNpand niseven}
» Obviously: even C Ny

P Intuitively, there are twice as many natural numbers
as even numbers — no?

» Is |even| < |Np|?
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B9. Sets: Countability

Set of Even Numbers

Countable Sets

Theorem (set of even numbers is countably infinite)

The set of all even natural numbers is countably infinite,
i,e. {n| ne&Ng and nis even}| = |Np|.

Proof Sketch.
We can pair every even number 2n with natural number n. O
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B9. Sets: Countability Countable Sets

Set of Perfect Squares

Theorem (set of perfect squares is countably infinite)

The set of all perfect squares is countably infinite,
i.e. |{n?®| n € No}| = |No|.

Proof Sketch.
We can pair every square number n? with natural number n.
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B9. Sets: Countability Countable Sets

Subsets of Countable Sets are Countable

In general:
Theorem (subsets of countable sets are countable)

Let A be a countable set. Every set B with B C A is countable.

Proof.
Since A is countable there is an injective function f from A to Np.
The restriction of f to B is an injective function from B to Ng. [
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B9. Sets: Countability Countable Sets

Set of the Positive Rationals

Theorem (set of positive rationals is countably infinite)

Set Qr ={n|neQandn>0}={p/q|p,qgecN;}
is countably infinite.

Proof idea.
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B9. Sets: Countability Countable Sets

Union of Two Countable Sets is Countable

Theorem (union of two countable sets countable)
Let A and B be countable sets. Then AU B is countable.

Proof sketch.
As A and B are countable, there is an injective function f4 from A
to Ny, analogously fg from B to Np.

We define function fa g from AU B to Ny as

faus(e) = 2fa(e) ifecA
AUBRES T 2fg(e) +1 otherwise

O

This fayp is an injective function from AU B to Ny.
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B9. Sets: Countability Countable Sets

Integers and Rationals

Theorem (sets of integers and rationals are countably infinite)
The sets Z, and Q are countably infinite.

Without proof (~~ homework)
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B9. Sets: Countability Countable Sets

Union of More than Two Sets

Definition (arbitrary unions)
Let M be a set of sets. The union (Js.,, S is the set with

x € U S iff exists S € M with x € S.
SeM
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B9. Sets: Countability

Countable Union of Countable Sets

Theorem

Let M be a countable set of countable sets.

Then | Jscpy S is countable.

Proof sketch.

With M = {51,52,53, -

Si = {xi1, xi2, - - -
as for the countability of Q4 (skipping duplicates):
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} (possibly finite) and each
} (possibly finite), we can use an analogous idea

i
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B9. Sets: Countability Countable Sets

Set of all Binary Trees is Countable

Theorem (set of all binary trees is countable)
The set B = {b | b is a binary tree} is countable.

Proof.
For n € Ny the set B, of all binary trees with n leaves is finite.

With M = {B; | i € Ny} the set of all binary trees is
B == UB/GM B/.

Since M is a countable set of countable sets, B is countable. O
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B9. Sets: Countability Countable Sets

And Now?

We have seen several countably infinite sets.

What about our original questions?
» Do all infinite sets have the same cardinality?

» Are they all countably infinite?
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B9. Sets: Countability Summary

Summary

> A set is countable if it has at most cardinality |Np|.

> If a set is countable and infinite, it is countably infinite.
» Sets Z and Q are countably infinite.

> Every subset of a countable set is countable.

>

Every countable union of countable sets is countable, in
particular, the union of two countable sets is countable.
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