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Mathematical Induction



Proof Techniques

most common proof techniques:
m direct proof
m indirect proof (proof by contradiction)
m contrapositive
® mathematical induction

m structural induction



Mathematical Induction

O cilc d d dNnd
Mathematical induction proves that
we can climb as high as we like on a ladder,
by proving that we can climb onto the bottom rung (the basis)

and that
from each rung we can climb up to the next one (the step).




Propositions

Consider a statement on all natural numbers n with n > m.

m E.g. “Every natural number n > 2 can be written as a product
of prime numbers.”

P(2): "2 can be written as a product of prime numbers.”
P(3): “3 can be written as a product of prime numbers.”
P(4): “4 can be written as a product of prime numbers.”

P(n): “n can be written as a product of prime numbers.”
For every natural number n > 2 proposition P(n) is true.

Proposition P(n) is a mathematical statement that is defined in
terms of natural number n.



Mathematical Induction

Mathematical Induction

Proof (of the truth) of proposition P(n)
for all natural numbers n with n > m:

m basis: proof of P(m)

m induction hypothesis (IH):

suppose that P(k) is true for all k with m < k <n
m inductive step: proof of P(n+ 1)

using the induction hypothesis

German: Vollstandige Induktion, Induktionsanfang,
Induktionsannahme oder Induktionsvoraussetzung,
Induktionsschritt
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numbers, i.e. n = pi - p>- ... pm with prime numbers pi, ..., Ppm.
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numbers, i.e. n = pi - p>- ... pm with prime numbers pi, ..., Ppm.

Mathematical Induction over n:

basis n = 2: trivially satisfied, since 2 is prime

IH: Every natural number k with 2 < k < n
can be written as a product of prime numbers.
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Mathematical Induction: Example |

Every natural number n > 2 can be written as a product of prime
numbers, i.e. n = pi - p>- ... pm with prime numbers pi, ..., Ppm.

Proof (continued).

inductive step n — n + 1:

m Case 1: n+ 1 is a prime number ~ trivial

m Case 2: n+ 1 is not a prime number.
There are natural numbers 2 < gq,r < nwithn+1=gq-r.
Using the IH shows that there are prime numbers

gi,--.,q9s with g=¢q1-...-gs and
M,....,rpwithr=r ... r.
Together this means n+1=¢q;-...-qs- 1 -..." It




Mathematical Induction: Example Il

A set is finite if it has a finite number of elements.

The cardinality |S| of a finite set S is the number of elements it
contains.

Let S be a finite set. Then |P(S)| = 2/°!.

What proposition can we use to prove this
with mathematical induction?



Proof by Induction

By induction over |S|.
Basis (|S| = 0): Then S =0 and |P(S)| = [{0}| =1 =20.
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By induction over |S|.
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Proof by Induction

By induction over |S|.
Basis (|S| = 0): Then S =0 and |P(S)| = [{0}| =1 =20.
IH: For all sets S with |S| < n, it holds that [P(S)| = 2I5I.

Inductive Step (n — n+ 1):

Let S’ be an arbitrary set with |S'| = n+ 1 and
let e be an arbitrary element of S’.

Let further S = S"\ {e} and X = {S" U {e} | S" € P(S)}.
Then P(S’) = P(S)U X. As P(S) and X are disjoint and
|X| = |P(S)], it holds that |P(S)| = 2|P(S).

Since |S| = n, we can use the IH and get

|P(S)| =225 =2. 27 = 2m+t = 2I¥'l,




Weak vs. Strong Induction

m Weak induction: Induction hypothesis only supposes
that P(k) is true for k = n

m Strong induction: Induction hypothesis supposes
that P(k) is true for all k € Ng with m < k < n

m also: complete induction
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Weak vs. Strong Induction

m Weak induction: Induction hypothesis only supposes
that P(k) is true for k = n

m Strong induction: Induction hypothesis supposes
that P(k) is true for all k € Ng with m < k <n

m also: complete induction

Our previous definition corresponds to strong induction.

Which of the examples had also worked with weak induction?



Is Strong Induction More Powerful than Weak Induction?

Are there statements that we can prove with strong induction
but not with weak induction? J




Is Strong Induction More Powerful than Weak Induction?

Are there statements that we can prove with strong induction
but not with weak induction? J

We can always use a stronger proposition:

m “Every n € Ny with n > 2 can be written as a product of
prime numbers.”

m P(n): “n can be written as a product of prime numbers.”

m P'(n): “all k € Ng with 2 < k < n can be written
as a product of prime numbers.”



Questions

N

°? Questions?



Structural Induction



Inductively Defined Sets: Examples

Example (Natural Numbers)

The set Ny of natural numbers is inductively defined as follows:
m 0 is a natural number.

m If nis a natural number, then n+ 1 is a natural number.

German: Binarbaum, Blatt, innerer Knoten
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Inductively Defined Sets: Examples

Example (Natural Numbers)

The set Ny of natural numbers is inductively defined as follows:
m 0 is a natural number.

m If nis a natural number, then n+ 1 is a natural number.

Example (Binary Tree)

The set B of binary trees is inductively defined as follows:
m O is a binary tree (a leaf)

[
m If L and R are binary trees, then (L, O, R) is a binary tree
(with inner node ).

Implicit statement: all elements of the set can be constructed
by finite application of these rules

German: Binarbaum, Blatt, innerer Knoten



Inductive Definition of a Set

Inductive Definition

A set M can be defined inductively by specifying
m basic elements that are contained in M

m construction rules of the form
“Given some elements of M, another element of M
can be constructed like this.”

German: Induktive Definition, Basiselemente, Konstruktionsregeln



Structural Induction

Structural Induction
Proof of statement for all elements of an inductively defined set

m basis: proof of the statement for the basic elements

m induction hypothesis (IH):
suppose that the statement is true for some elements M
m inductive step: proof of the statement for elements
constructed by applying a construction rule to M
(one inductive step for each construction rule)

German: Strukturelle Induktion



Inner Nodes, Leaves and Height of a Binary Tree
by Example

3 leaves
2 inner nodes
height 2

5 leaves
4 inner nodes
height 3

1 leaf
[] 0 inner nodes
height 0



Inner Nodes and Leaves of a Binary Tree

Definition (Leaves of a Binary Tree)

The number of leaves of a binary tree B, written /eaves(B),
is defined as follows:

leaves(OD) = 1
leaves({L, O, R)) = leaves(L) + leaves(R)

.

Definition (Inner Nodes of a Binary Tree)

The number of inner nodes of a binary tree B, written inner(B),
is defined as follows:

inner(C0) = 0
inner({L, O, R)) = inner(L) + inner(R) + 1

.




Structural Induction: Example (1)

For all binary trees B: inner(B) = leaves(B) — 1.




Structural Induction: Example (1)

For all binary trees B: inner(B) = leaves(B) — 1.

induction basis:
inne(d) =0=1—1= leaves(dJ) — 1

~~ statement is true for base case

Reminder: inner(lJ) = 0 and leaves((J) =1



Structural Induction: Example (2)

Proof (continued).

induction hypothesis:
to prove that the statement is true for a composite tree (L, O, R),
we may use that it is true for the subtrees L and R.

Reminder: inner((L, O, R)) = inner(L) + inner(R) + 1 and
leaves(( R)) = leaves(L) + leaves(R)

7 )



Structural Induction: Example (2)

Proof (continued).

induction hypothesis:
to prove that the statement is true for a composite tree (
we may use that it is true for the subtrees L and R.

inductive step for B = (L, O, R):
inner(B) = inner(L) + inner(R) + 1
L (leaves(L) — 1) + (leaves(R) — 1) + 1

= leaves(L) + leaves(R) — 1 = leaves(B) —

L,O,R),

1

Reminder: inner((L, O, R)) = inner(L) + inner(R) + 1 and
leaves(( R)) = leaves(L) + leaves(R)

7 )




Structural Induction: Exercise

Definition (Height of a Binary Tree)

The height of a binary tree B, written height(B),
is defined as follows:
height(d) =0
height({L, O, R)) = max{height(L), height(R)} + 1

Prove by structural induction:

For all binary trees B: leaves(B) < 2height(B)




Example: Tarradiddles

Example (Tarradiddles)
The set of tarradiddles is inductively defined as follows:
m '} is a tarradiddle.
m ¥ is a tarradiddle.
m If x and y are tarradiddles, then x$¢ey is a tarradiddle.
m If x and y are tarradiddles, then €ex>y%¢ is a tarradiddle.




Example: Tarradiddles

Example (Tarradiddles)
The set of tarradiddles is inductively defined as follows:
m '} is a tarradiddle.
m ¥ is a tarradiddle.
m If x and y are tarradiddles, then x$¢ey is a tarradiddle.
m If x and y are tarradiddles, then €ex>y%¢ is a tarradiddle.

How do you prove with structural induction that every tarradiddle
contains an even number of flowers?



Questions

N
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Excursus: Computer-assisted
Theorem Proving



Computer-assisted Proofs

m Computers can help proving theorems.

m Computer-aided proofs have for example been used for
proving theorems by exhaustion.

m Example: Four color theorem
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rely on formal logic.
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Interactive Theorem Proving

m On the lowest abstraction level, rigorous mathematical proofs
rely on formal logic.

m On this level, proofs can be automatically verified by
computers.

m Nobody wants to write or read proofs on this level of detail.

m In Interactive Theorem Proving a human guides the proof and
the computer tries to fill in the details.

m If it succeeds, we can be very confident that the proof is valid.

m Example theorem provers: Isabelle/HOL, Lean



Example

SN

1 import Mathlib.Data.Set.Basic

2

3 theorem diff_empty_subset {a : Type} (A B : Set a) :
4 A\B=2o>ACB := by

5 intro h

6 by_contra hAB

7 have h_exists : 3 x, x € A A x ¢ B := Set.not_subset.mp hAB
8 obtain (x, hxA, hxB) := h_exists

9

10 have hxDiff : x € A \ B := (hxA, hxB)

11

12 tw [h] at hxDiff
13 simp at hxDiff

~» Demo
https://live.lean-lang.org/


https://live.lean-lang.org/

Try It Yourself!

Natural Number Game

= Natural

Theorems  Tactics  Definitions
Welcome to the Natural
Number Game

[induction |
anintroduction to mathematical prof. Z -
Inthis gome,we il b th bsc theory o the ntural
numbers 16,1,2,3,4,...) from scath. Our st oal
topronethat 2 « 2 - 4. Netwe lprovethat » +
=+ x.Andatthe enduellse fue cnprore
Femats st Theorem, el dothisby slngleves of
S compterpurte game ol Lean

Read this.

Learning how to use 1 nteractve thearem prover tekes
time. Tsts show that the people who get the most out
of ths game are those who resd th help text ke this

Tostar, dick on “Tutorial World”.

Note: s s a new Lean 4 version o the game
containing several workds which were natpresent nthe
oldLean 3 verson. ore new worlds such asstrong.
Induction World,Even/0dd World and Prme Number
Viorld are in development; f you want 1o see el tate
o even help out, checkout out the scues i he gihub
repo.

More

Cli o the three lines inthe top ight and select“Game.
Info"for resources, ks, and ways o intract with the
Lean communc.

https://adam.math.hhu.de/#/g/leanprover-community/nng4


https://adam.math.hhu.de/#/g/leanprover-community/nng4

Summary



Summary

m Mathematical induction is used to prove a proposition P for
all natural numbers > m.
m Prove P(m).
m Make hypothesis that P(k) is true for m < k < n.
m Establish P(n + 1) using the hypothesis.

m Structural induction applies the same general concept to prove
a proposition P for all elements of an inductively defined set.
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