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Exercise 12.1 (1 mark)

Specify all reasons why
(
∀∃xy

(
(f(x) = g(y)) ∧ P(¬x)

)
∨ (Q(x, c) = c)

)
is not a predicate logic

formula over signature 〈{x, y}, {c}, {f, g}, {P,Q}〉 with ar(f) = ar(P) = 1 and ar(g) = ar(Q) = 2.

Exercise 12.2 (2 marks)

Formalize the following statements about natural numbers as predicate logic formulas over sig-
nature 〈{x, y}, {zero, one}, {sum,product}, {Odd,Even}〉 with ar(sum) = ar(product) = 2 and
ar(Odd) = ar(Even) = 1.
Note: When formalizing statements we do not care whether the statement is true under the usual
interpretation.

(a) There are no two consecutive numbers whose product is odd.

(b) The square of an even number is always odd.

Exercise 12.3 (3 marks)

Consider the following predicate logic formula ϕ over signature 〈{x, y}, {c}, {f, g}, {P}〉:

ϕ =
(
¬P(c) ∧ ∀x∃y

(
(f(y) = g(x)) ∧ P(y)

))
Specify a model I of ϕ with I =

〈
U, ·I

〉
and U = {u1, u2, u3}, and prove that I |= ϕ holds. Why

is no variable assignment α required to specify a model of ϕ?
Hint: Note that the majority of points is given to the proof, so pay attention to writing a clean
proof.

Exercise 12.4 (1 mark)

Consider formula ϕ over signature 〈{x, y, z}, {c}, {f}, {P,Q,R}〉 with ar(f) = ar(P) = 1, ar(Q) = 2
and ar(R) = 3.

ϕ =
(
∀x∃y

(
P(z)→ Q(y, x)

)
∨ ¬∃yR(c, x, f(y))

)
Mark all occurrences of free variables in ϕ. Additionally specify the set of free variables of ϕ
(without proof).

Exercise 12.5 (1 mark)

Is ϕ = (sum(zero, zero) = zero) over signature 〈∅, {zero}, {sum}, ∅〉 with ar(sum) = 2 valid? If
not, specify a counterexample. Briefly justify your answer.

Exercise 12.6 (2 marks)

Refute the following statement: For all formulas ϕ and ψ the statement (∃xϕ∧∃xψ) |= ∃x(ϕ∧ψ)
holds.
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