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1 Proof by Induction

We will consider two ways of proving the following theorem by induction:

Theorem 1. For every n € Ny it holds that if n is odd then 7" + 3™ is divisible
by 10.

Proof. We show this by induction.
We use proposition P(n): “if n is odd then 7" 4 3™ is divisible by 10”.

Base case n = 0: P(0) is trivially true because 0 is not odd.
Base case n = 1: P(1) is true because 7% + 3! = 10 is divisible by 10.

Induction hypothesis: Suppose P(k) is true for all 0 < k <n.
Inductive step: n — n + 1:

If n+ 1 is even, P(n + 1) is trivially true.
If n 4 1 is odd, we need to show that 7%+ 4+ 37+ is divisible by 10.

7n+1 _|_ 3n+1 — 72 . 7n—1 + 32 . Sn—l
=49 -7""'+9.3"7!
=40-7""' 9.7+ 9.3
=407 9TV 437 = (%)
Since n + 1 is odd, also n — 1 must be odd, so by the induction hypothesis
we know that there is an integer k such that 10k = 7"~! + 37~!. With this k,
it holds that
() =40- 7" 4 o(rm 437 =407 49 10k
=10-4-7""14+10- 9%
=10(4- 7" 4 9k).

As 4-7"7! + 9k equals an integer, P(n + 1) is also true in the case where
n + 1 is odd. O

We now rephrase the theorem and again prove this variant by induction:



Theorem 2. For every n € Ny it holds that 7*"+1 4 32"+ s divisible by 10.

Proof. We show this by induction using proposition P(n): “7?7*! 4 327+l jg
divisible by 10”.

Base case n = 0: From 7#0t1 4+ 320+1 =10 we see that P(0) is true.
Induction hypothesis: Suppose P(k) is true for all 0 < k < n.

Inductive step: n — n + 1:
We need to show that 72(»+D+1 4 32(n+D+1 is divisible by 10.

72(n+1)+1 + 32(n+1)+1 — 72n+3 + 32n+3
— 7272041 4 g232n+1
=49 7% L g. 320+l
=40 72" 9. 72l g, 32ntl
=40 - 72T po(7?n T 43Pty = (x)

From the induction hypotheses (P(n) is true), we know that there is an
integer k such that 10k = 727+! + 327+1 With this k, it holds that

(%) = 40 - 72T (7P £ 320 ) = 104 72T 1910k
=10(4 - 7*"+ 4 9k)

As (4-7*"*1 4+ 9k) equals an integer, we can conclude that 72(*+1D+1 4 32(n+1)+1
is divisible by 10, so P(n + 1) is true. O



