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Motivation

The idea of tree decomposition:
@ split the constraint-graph in overlapping subproblems
@ connect these subproblems over their shared variable

@ solve small subproblems and reconnect them.



Example from " Grundlagen der KI", C5205, Malte Helmert



Acyclic Networks

Acyclic Networks



Acyclic Networks
0®00000000

Graph concepts reviews
B[
_/

Nty

(a) Hypergraph

(c) dual graph

AED  CABO>
AE | AC
(CDE> ¢ CACE>

(d) join-tree



Acyclic Networks
00@0000000

Acyclic Networks

@ Acyclic tress of binary constraints can be processed efficiently.



Acyclic Networks
00@0000000

Acyclic Networks

@ Acyclic tress of binary constraints can be processed efficiently.

@ The goal is to transform the cyclic primal graph into an
acyclic join tree.



Acyclic Networks
00@0000000

Acyclic Networks

@ Acyclic tress of binary constraints can be processed efficiently.

@ The goal is to transform the cyclic primal graph into an
acyclic join tree.

@ Form the hypergraph representation of the constraint network.



Acyclic Networks
00@0000000

Acyclic Networks

@ Acyclic tress of binary constraints can be processed efficiently.

@ The goal is to transform the cyclic primal graph into an
acyclic join tree.

@ Form the hypergraph representation of the constraint network.

@ Map the hypergraph to a Dual Graph. the nodes of the dual
Graph are the hyperedges of the hypergraph.
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@ connectedness iff two nodes share a variable, there is a path
containing this variables.
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Basic Definitions

Definition (connectedness, join-trees, hypertrees, acyclic networks)

@ connectedness iff two nodes share a variable, there is a path
containing this variables.

@ An arc subgraph of the dual graph that satisfies this is called
Jjoin-graph or join-tree if it is a tree.
@ A hypertree is a hypergraph whose dual graph has a join-tree.

@ A constraint network whose hypergraph is a hypertree is
called an acyclic network.
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(c) dual graph (d) join-tree

transformation of a nonbinary constraint problem into a binary one
by removing redundant arcs in the dual graph.
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ACYCLIC-SOLVING Algorithm

ACYCLIC-SOLVING

Input: An acyclic constraint network R = (X, D, C), C = {R,...,R}.
Sj is the scope of A;. A join-tree T of R.

Output: Determine consistency, and generate a solution.

1. d=(R,..., R) is an ordering such that every relation
appears before its descendent relations in the tree rooted at R;.

2. forj=rto 1, for edge (jk), k < j, in the tree do
Rk « ns, (R ™ Rj)
if the empty relation is created, exit, the problem has no solution.
endfor
3. return: The problem is consistent. Generate a solution:

Selectatuplein Ry fori=2tor.
After instantiating Ay,...,A;.1 select a tuple
in R; that is consistent with all previous assignments.
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ACYCLIC-SOLVING

Input: An acyclic constraint network R = (X, D, C), C = {R,...,R}.
Sj is the scope of A;. A join-tree T of R.

Output: Determine consistency, and generate a solution.

1. d=(R,..., R) is an ordering such that every relation
appears before its descendent relations in the tree rooted at R;.

2. forj=rto1, for edge (j k), k < j, in the tree do
Rk « ns, (R ™ Rj)
if the empty relation is created, exit, the problem has no solution.
endfor

3. return: The problem is consistent. Generate a solution:
Selectatuplein Ry fori=2tor.
After instantiating Ay,...,A;.1 select a tuple
in R; that is consistent with all previous assignments.
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ACYCLIC-SOLVING Example

@ Constraints are:

Rasc = Raer = {(0,0,1)(0,1,0)(1,0,0)}
Reoe = {(0,0,1)(0,1,0)(1,0,0)(1,0,1)}
Race = {(1,1,0)(0,1,1)(1,0,1)}
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ACYCLIC-SOLVING Example

@ Constraints are:
Rasc = Raer = {(0,0,1)(0,1,0)(1,0,0)}
Reoe = {(0,0,1)(0,1,0)(1, 0
Race = {(1,1,0)(0,1,1)(1,
@ Ordering Constraints:
d = (Race, Repe, Raer, Rasc)
© Start backwards with Ragc, parent is Race: @ @

Race = mace(Race < Rasc) = {(0,1,1)(1,0,1)}

@ next in d Raer, parent is Race, using revised

relation: @ o @

Race = mace(Race > Raer) = {(0,1,1)}

@ next ind Rcpe, parent is Race
Race = mace(Race ™ Repe) = {(0,1,1)}

0
0,
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ACYCLIC-SOLVING Example

@ Constraints are:
Rasc = Ragr = {(0,0,1)(0,1,0)(1,0,0)}
Reoe = {(0,0,1)(0,1,0)(1, 0
Race = {(1,1,0)(0,1,1)(1,
@ Ordering Constraints:
d = (Race, Repe, Raer, Rasc)
© Start backwards with Ragc, parent is Race: @ @
Race = mace(Race < Rasc) = {(0,1,1)(1,0,1)}

@ next in d Raer, parent is Race, using revised

relation: @ = @

Race = mace(Race > Raer) = {(0,1,1)}

next in d Repe, parent is Race
Race = mace(Race ™ Repe) = {(0,1,1)}

@ solution by picking only allowed variables in Race:
A=0, C=1, E=L1.
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ACYCLIC-SOLVING Example

@ Constraints are:
Rasc = Raer = {(0,0,1)(0,1,0)(1,0,0)}
Repe = {(0,0,1)(0,1,0)(1, 0
Race = {(1,1,0)(0,1,1)(1,
@ Ordering Constraints:
d = (Race, Repe, Raer, Rasc)

© Start backwards with Ragc, parent is Race: @ @
Race = mace(Race < Rasc) = {(0,1,1)(1,0,1)}

@ next in d Raer, parent is Race, using revised

relation: @ = @

Race = mace(Race > Raer) = {(0,1,1)}

@ next ind Rcpe, parent is Race
Race = mace(Race =< Repe) = {(0,1,1)}

@ solution by picking only allowed variables in Race:
A=0, C=1, E=1.

@ forward extending values for D,F and B.
D=0, F=0; B=0;
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Refresh some definitions

@ maximal cardinality ordering: start with random variable.
chose the next variable which has the most connections to the

starting variable. and so on..
@ clique: in a clique, every variable is connected with each other.

@ maximum spanning tree: edges are maximal weighted
(number of shared variables of two cliques).
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Dual-Based Recognition

Creating a maximum spanning tree over the dual graph.
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Primal-Based Recognition

We know that a graph is chordal if, in a maximal cardinality
ordering, each node's parents are connected. Then we can
calculate its maximal cliques. If maximal cliques coincide with the
scopes of the constraints, we know that the network is acyclic.
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primal max cardinality ordering join-tree
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Global Aim

How to compile a constraint network into an acyclic one.

@ grouping a subset of constraints into clusters or subproblems,
whose scopes constitute a hypertree.

@ Replacing each subproblem with its set of solutions yields an
acyclic constraint problem.

@ This process is called join-tree-clustering.
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JOIN-TREE-CLUSTERING WTC}

Input: A constraint problem R = (X, D, C) and its primal graph G = (X, E).
Output: An equivalent acyclic constraint problem and its join-tree:
T=(X.DC.
1. Select a variable ordering, d = (x4,..., Xn).
2. Triangulation (create the induced graph along dand call it G'):
forj=nto1by -1do
E+— EUli,kN1i.j) e E (kj) e E}
3. Create a join-tree of the induced graph G*:

a. Identify all maximal cliques in the chordal graph (each variable and its
parents is a clique).

Let Cy, ..., Cr be all such cliques, created going from last variable to first
in the ordering.

b. Create a tree structure T over the cliques:

Connect each C; to a C; (j < i) with whom it shares the largest subset of
variables.

4. Place each input constraint in one clique containing its scope, and let
P; be the constraint subproblem associated with C;.

5. Solve each P;and let R/ be its set of solutions.
6. Return C'=(Rj, ..., Rt} the new set of constraints and their join-tree, T.
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4. Place each input constraint in one clique containing its scope, and let
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Input: A constraint problem R = (X, D, C) and its primal graph G = (X, E).
Output: An equivalent acyclic constraint problem and its join-tree:
T=(X.DC.
1. Select a variable ordering, d = (x4,..., Xn).
2. Triangulation (create the induced graph along dand call it G'):
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3. Create a join-tree of the induced graph G*:
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Let Cy, ..., Cr be all such cliques, created going from last variable to first
in the ordering.

b. Create a tree structure T over the cliques:

Connect each C; to a C; (j < i) with whom it shares the largest subset of
variables.

4. Place each input constraint in one clique containing its scope, and let
P, be the constraint subproblem associated with C;.

5. Solve each P;and let R/ be its set of solutions. |
6. Return C'={Rj, ..., Rt} the new set of constraints and their join-tree, T.
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Input: A constraint problem R = (X, D, C) and its primal graph G = (X, E).
Output: An equivalent acyclic constraint problem and its join-tree:
T=(X.DC.
1. Select a variable ordering, d = (x4,..., Xn).
2. Triangulation (create the induced graph along dand call it G'):
forj=nto1by -1do
E+— EUli,kN1i.j) e E (kj) e E}
3. Create a join-tree of the induced graph G*:

a. Identify all maximal cliques in the chordal graph (each variable and its
parents is a clique).

Let Cy, ..., Cr be all such cliques, created going from last variable to first
in the ordering.

b. Create a tree structure T over the cliques:

Connect each C; to a C; (j < i) with whom it shares the largest subset of
variables.

4. Place each input constraint in one clique containing its scope, and let
P; be the constraint subproblem associated with C;.

5. Solve each P;and let A/ be its set of solutions.
6. Return C'={Rj, ..., Rt} the new set of constraints and their join-tree, T.
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Join-Tree-Clustering Example
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primal or hypergraph induced ordered graph join-tree
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What we have learned
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representation by embedding the constraint graph in a
hypertree, called join-tree.
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What we have learned

@ any constraint network can be transformed into an acyclic
representation by embedding the constraint graph in a
hypertree, called join-tree.

@ the join tree holds the subproblems in its nodes.

@ solving these subproblems can be done with a normal
Tree-solve-algorithm.
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